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HARMONIC ANALYSIS FOR FUNCTORS ON CATEGORIES OF
BANACH SPACES OF DISTRIBUTIONS

BY
THOMAS DONALDSON

ABSTRACT. This paper develops a theory of harmonic analysis (Fourier series,
approximation, convolution, and singular integrals) for a general class of Banach function
or distribution spaces. Continuity of singular convolution operators and convergence of
trigonometric series is shown with respect to the norms of all the spaces in this class; the
maximal class supporting a theory of the type developed in this paper is characterized (for
other classes other theories exist). Theorems are formulated in category language through-
out. However only elementary category theory is needed, and for most results the notions
of functor and natural mapping are sufficient.

Introduction. Over the past thirty years the application of Banach space theory
to approximation theory, to integral equations, and to differential equations has
led to efforts to obtain results on approximation, stability, and existence of
solutions in as wide a class of Banach spaces as possible. By now results for most
questions of approximation and existence of solutions have been proved for the
I? spaces and spaces constructed from them; in some cases results have been
extended to the classes of Orlicz spaces or Lorentz spaces; and for linear ordinary
differential equations a theory of stability has been worked out as far as general
classes of Banach function spaces.

In these applications there are very many cases of Banach spaces all construct-
ed from other Banach spaces according to very similar schemes: a Banach space
suited to a given problem will be constructed from other Banach spaces
according to a pattern which depends on the problem. As examples one may give
the Sobolev spaces or the Lipschitz spaces in partial differential equations; in
ordinary differential equations one may adduce the constructions of full or lean
spaces in the work of Massera and Shaeffer.

For very many of these results on differential equations or approximation
theory, the continuity of integral operators from one space to another plays a
crucial part. Very much effort has been devoted to proving such results on
continuity for many classes of operators and spaces, such as the L spaces, the
Orlicz spaces, Lorentz spaces, and generalizations of these.
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As a result of this work there has been a very considerable proliferation of
Banach spaces constructed in similar ways to fit the study of particular concrete
problems.

However, from each of these constructions of Banach spaces from other
Banach spaces, one may define a functor on a category of Banach spaces; more
important, if F is a functor on a category B of Banach spaces then the natural
mappings #: F = F have a “universal” property. If #: F— F is a natural
mapping, then 7: F(X) — F(X) for every Banach space X € B. Therefore by
showing that an integral operator defines a natural mapping one can obtain,
simultaneously, continuity results for integral operators between very wide
classes of Banach function spaces: #: F(X) — F(X) for every Banach space of
the form FA(X) for X € B. The proofs of these estimates use the properties of the
functor and depend only very weakly on any properties of the underlying space.

In this paper I have commenced a detailed study of the natural mappings
between some (and only some) of the functors of applied analysis: specifically
those functors which arise from the application of translation operators to the
elements of the Banach space. Whether a mapping is natural depends both upon
the functor and upon the category on which it acts; the largest class of spaces
which seems to support a reasonable theory for functors derived from translation
is the class of harmonically invariant Banach spaces, which may be characterized
briefly as that class of Banach spaces closed under the applications of the
operations of harmonic analysis. For some important functors on the category of
harmonically invariant spaces surprisingly strong theorems on natural mappings
may be proven.

It seems to me that the results of this paper have the potential of unifying many
of the results obtained in applications using the functors studied here or derived
from them; in particular they suggest the program of developing approximation
theory and differential equations in terms of functors on categories of Banach
spaces rather than for individual Banach spaces themselves.

The role of category theory in these results is that of providing a framework
within which the main results may be formulated; the crucial ideas are those of
functor and natural mapping. No very difficult results of category theory seem to
be required. In most cases the action of the functors on morphisms in the
categories studied does not play an important role; however I have dealt
explicitly with the actions of morphisms and commutativity of diagrams in
preference to ignoring them completely.

This paper constitutes a longer study of the implications of Theorem 1.1 in the
announcement [7]. The basic technique is very simple; I shall illustrate with a
particular case of the result in [7). The Lipschitz spaces C" on [0, 27] for
0 < r < 1 are quite well known in analysis. It is known for instance that the
Hilbert transform H is continuous from C’ to C". Let X be a Banach space and
consider the Lipschitz spaces C"(X) of X-valued: functions [0, 27]. It is easy to
show that H: C’(X) - C’(X) for any Banach space X.
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Now suppose that X is a Banach space of integrable functions on [0, 2], and
that the norm of X is continuous and invariant with respect to translation, i.e. for
every f € X, 7(f)(s) = T,f is a continuous X-valued function of s, and T is an
isometry.

Combine these two facts. Let AC"(X) be the class of all f € X such that the
X-valued function 7(f) € C’(X), and norm AC’(X) with the induced norm.
The Hilbert transform therefore maps 7(f) € C’(X) continuously into C"(X),
and one has the inequality

(0-1) ||H(“’f)||c'(x) < k”’ff"c'(X) = k"f"AC’(X)'

But H(rf)(s) = S h(s — DT f(x)dt = f k(s — O)f(x + t)dt = T, { h(x — 1) f(r) dt
= 7(Hf )(s) so that, therefore, from the inequality (0.1) it follows that || Hf|scrx)
< kIl fllcrxy and H: AC'(X) = AC'(X) for any space X with the properties
above.

This technique has wider application: it may be extended for instance to
Banach spaces of distributions; the requirement of continuity of the norm of X
under translation may be removed; and the same technique may be applied to
other functors and problems. Finally since no part of the method is restricted in
any natural way to the cases of either spaces or convolution kernels with only
complex values, and since moreover there are important applications of vector-
valued spaces and kernels, I have developed the theory throughout from that
standpoint.

I thank Richard Loy for referring me to the references cited on Banach
modules and tensor products of Banach modules, and Robert Edwards for
calling my attention, while this paper was in preparation, to the book of
Katznelson [15] in which weaker results are proved for a more special class of
spaces.

CHAPTER 1: PRELIMINARIES

In this paper I shall deal with Banach spaces and Banach modules. The notion
of Banach space is familiar; a Banach module is a Banach space B together with
a Banach algebra R of operators acting on B. Every Banach space is a Banach
module over the ring R or C of the underlying field. Several authors (Rieffel [30],
[31], Comisky [5], and in his book [11], Edwards alludes to the concept in passing)
have already introduced the notion of Banach module into harmonic analysis,
where the idea of such a structure arises naturally.

From the class of Banach spaces one may construct a corresponding category
B, the category of Banach spaces. For X, Y € B, the mappings [X, Y] consist of
the continuous linear mappings from the Banach space X to the Banach space Y.
The category B will be of much importance in the sequel, and B also has
important subcategories.
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Let T" be a toroidal group and E = {e, | m € Z"} the characters of T".
For every Banach space X of complex-valued distributions on T", let Ey =
{fen EE|INEXDNm)#0}), and CP ={pEC®|d(m) =0Vm>e,
@& Ey). I shall say that a Banach space X of distributions on T" is harmonically
invariant if

(1) ITAlly = lIAlly for every translation T, with s € T",

(2) Cy is a norming subspace of X*,

B)Ex C X.

The category By, will then consist of all harmonically invariant Banach spaces
of complex-valued distributions on T". The mappings [X,Y] for By, will consist
of the continuous linear mappings from X to Y, and By, is clearly a subcategory
of B. The category By, includes very many Banach spaces which have arisen in
analysis, such as the Lorentz spaces A(¢, p), M(9,p), I'(¢,p) [19], [20], the Orlicz
spaces Ly studied by very many authors [17], [26], the spaces M, and K, studied
by O’Neill [26], or the Kéthe spaces [8].

The category B, forms also a second important subcategory of B. Let T” be
a toroidal group and define B, as the category of all Banach spaces of complex-
valued distributions on T”"; let the linear mappings for B, consist simply of the
identity mapping whenever it is continuous from X € B, to Y € B,.

Classes of Banach modules will also form categories. Let L' be the algebra of
integrable functions on 7", and H, the algebra of all point measures 8, for
s € T let My = L' & H,. From the class of all Banach modules over M, one
may construct the category <M. The mappings for < will be the class of
continuous module homomorphisms: the class of all those mappings a: X = Y
for X, Y € =M which commute with convolution by # € M,.

M also has important subcategories. Let X be a Banach module over M,;
define for every A € X,

(L) Ny = sup llk s Ally where h € L.
llalh <1

If the norm ||-||y is equivalent to the norm [|-||y for X, I shall say that the module
X is normal. The category <My, is the category of all normal Banach modules over
M,, consisting of complex-valued distributions on T". Very many Banach spaces
of analysis may be seen as normal Banach modules over M,; if every A € X may
be approximated by an approximate identity @, € L, it is clear that X is normal.
As a consequence of Theorem 4.0 below, indeed any harmonically invariant
Banach space will also be a Banach module over M,; and thus as classes of spaces
Mgy and By coincide, though not as categories.

1. Functors and natural mappings. The concepts of functor and natural
mapping will be important to the treatment of harmonic analysis in this paper.

Definition 1.0. Let € and D be categories of Banach modules and F a function
F: ¢ > D such that F(X) € D for every X € € and F(a) € [F(X),F(Y)] for
every a € [X, Y]. F will be termed a covariant functor on C if:
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MIfa: X > Y,B: Y > Z, then F(B o a) = F(B) o F(a).

(2 F(ly) = lgp)VX € C

(3) The mapping F: [X, Y] = [F(X), F(Y)] is of norm < 1.

A reader familiar with category theory should note condition (3) involves a
deviation from the algebraic definition of functor.

I shall refer to a function F: € X € — € which is a functor in each variable
separately as a bifunctor.

Several functors in general categories of Banach modules will appear frequent-
ly. Most of the following paper will be taken up with a discussion of the
properties of certain concrete functors; other functors will play a very important
technical role. In this section I shall give a brief discussion of the fundamental
properties of functors of these two types.

Definition 1.1. Let € be a category of Banach modules over a commutative ring
R, and suppose that ring multiplication commutes with the elements of X for
every X € C. Let X, Y € ¢ and define ®* to be the module over R of functions
on X X Y to R that differ from 0 only on a finite set of points

N
o = {2 {xen) | x € X, € Yo € R}-

Let X be the subspace of ®* consisting of elements of the form
N M N M
d)OR = {2 e Xis 2 r}yj} - kgl jgl ’l'cr;t{xk’yj}'

Define the algebraic tensor product of the modules X and ¥ by X ®; Y
= QOR/OL. dR/DL is well defined since P is clearly Abelian under +. The image
{x,y} + ®f under the quotient map ®* - ®R/®f may be denoted by x ® y.
The module X ®; Y may be given a norm by

N N
A2)  lullvoyy = inf {3 Inlalulilonlhl v = = nx @

Clearly ||lx ® yllxg,r = llxllxllylly-
I will denote the completion of X ®; Y under the norm (1.2) ||-llxe,y by

X ®g Y. Clearly X ®; Y is a Banach module over R, and therefore is in £
The action of the functor ®; on morphisms a € [X, X;], 8 € [Y, ] is given as
follows: the operator a ®; B is defined by

a® Bx®y) = (ax) 8 (By) forx € X,y € Y.

It is clear that by the definition (1.2) of the norm ||-[|xg,y

lla ® Blixepr.xens) < lelhxx;l1Blky.%)-
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I shall denote a tensor product X ®; Y over the real or complex fields simply
byXe®Y.

The function from € X € — C defined by Definition 1.1 is a function of two
variables, which may easily be seen to satisfy Definition 1.0 in either variable
separately.

It should be emphasized that the definition of norm in (1.2) is not unique.
Schatten [33] has developed the definitions and properties of several tensor
products of Banach spaces under the name of “cross norms”. The analogous
development for arbitrary Banach modules has been commenced by Rieffel [30].
Tensor products for general locally convex topological vector spaces were studied
by Grothendieck [13]. If the ring R in (1.2) is the ring of real or complex numbers,
the norm in (1.2) will correspond to the unique greatest cross norm in the sense
of Schatten and the projective tensor product in the sense of Grothendieck.

The functor ®, gives rise to a second functor important for the general
category theory of Banach modules.

Definition 1.2. Let 4 be a fixed Banach module and let € be the category of
Banach modules over the ring R. For every X € ¢, one may define a functor =,
by

EA(X) = A ®R X,
EA(Q) = lA ®R a fora € [X, Y].

It is immediate that =, is a well-defined functor on ¢

A second type of functor may also be defined in any category of Banach
modules.

Definition 1.3. Let € be a category of Banach modules over R, and let 4 € &
Then one may define the functor Q,: ¢ — C by

2,(X) =[4,X] forevery X € ¢,

(1.3)
Q) =acA for every A € [4,X] and a € [X, Y]

Clearly £, will also define a functor. From Definitions 1.7 and 1.8 below it will
be clear that some very important functors are of the form defined by (1.3).
Some other types of functors important for technical purposes are given by the
following definitions:
Definition 1.4. Let € be a category of Banach modules and F a functor
F: ¢ - C Then
(1) If G is a functor on € such that
(i) for every X € ¢ G(X) is a closed submodule of FA(X),
(i) G(a): F(a): G(X) = G(Y) for every a € [X, Y],
then the functor G will be termed a closed subfunctor of F.
(2) If G is a functor on € such that
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(i) for every X € ¢, G(X) C F(X) and the identity mapping I: G — F is
natural,
(ii) G(a) = F(a): G(X) = G(Y) for every a € [X, 7],
then the functor G will be termed a norm subfunctor of F.
Definition 1.5. Let € be a category of Banach modules, F a functor on &, and
G a subfunctor of F. Then the quotient functor H = F/G of F and G is defined
by

H(X) = F(X)/G(X) forevery X € C,

H(a)(f + G(X)) = F(&)(f) + G(Y).

Since G(a) = F(a): G(X) = G(Y) for every a € [X, Y], (1.4) will define a
unique functor on the category €.

Examples of each of these types will be given below.

The C® functor and the distribution functor will also play an important
technical role in definitions and proofs.

Definition 1.6. Let 7" be a toroidal group and B the category of Banach
spaces.

(I)For every X € B, define the C*® functor by

(14)

C*(X) = {g: T" » X | ¢ infinitely differentiable}.
The topology on C*(X) is defined by the class of seminorms
P™(p) = sup [D"qllx,
SET"
C?(a)(p)(t) = aglt) Vet E T".
(II) Let C*® = C*(C) and define the distribution functor D for every X € B
by

cont.

D(X) = {\: C* > X},
D(a)(\) = ao A foreverya € [X,Y], A € D(X).

Clearly neither the distribution functor D nor the C® functor are Banach
functors since D(X) is not a Banach space. The study of this functor was initiated
by L. Schwartz [36].

The body of this paper will be concerned with four important concrete
functors (and their subfunctors) acting from the category B of Banach spaces to
the category oM of Banach modules over M,.

Definition 1.7. Let T" be a toroidal group, B be the category of Banach spaces,
and C and L' the Banach spaces of continuous and integrable functions on 7
respectively. Denote the functor £ by M and the functor €, by L*. Then
L*: B—> M and M*: B - oM where the ring multiplication is defined for
every X € B by
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p*Me) =Ap+g) foreveryA € M*X) = [C,X],
peXp) =Ap*g) foreveryd € L*(X) = [L}, X].

The functors L® and M* both have very important subfunctors. The first of
these will be of very great importance in Chapter 4.

Definition 1.8. Let 7" be a toroidal group, B the category of Banach spaces,
and M* = Q. the measure functor on B. For every X € B and A € M*(X),
define a norm

(15) L

where the sup in (1.5) is taken over all sets of scalars |£,| < 1 and ¢, € C such

that [Z¥ &l < 1.
Define a functor M: B — M for every X € B by

M(X) = (A € M*X) | [Nl gpery < 0,

”)\”M(x) = ”IM”M;(x),
M@ = M*(a)A = a o A

The norm (1.5) is not new; it describes the class of A € [C,X] which are
integral in the sense of Grothendieck [13, Definition 7 and Proposition 32, p. 145].

It is clear that the functor M is a norm subfunctor of the functor M*. For most
purposes the functor M is easier to deal with than the functor M* and is indeed
more natural.

It is also easy to see that [[A[lyexy < [[Allyx) for every X € B.

A second important type of subfunctor is given by the next definition. Let T"
be a toroidal group and denote 7; the operator of translation by s € T" defined
by T,f(¢) = f(s + ¢) for every f € L' and every s, t € T". It is easy to see that T;
may be defined in terms of convolution with a measure §,, the Dirac delta
distribution at 8, and thus 7; is defined as an operator on M(X) and L*(X) for
every X € B. The operator 7, will be termed the translation operator.

Definition 1.9. Let 7" be a toroidal group and B the category of Banach
spaces. Then define the functors C: 8 - =M and L!: B — M for every X € B
by

CX)={re LX) ITA = Mi=xy > 0ass =0},  Cla) = L*(a);
LX) ={x e M*X) | ITA = Nlyx) > 0ass =0},  L'(a) = M(a).
The following proposition follows easily from Definitions 1.4 and 1.9.

Proposition 1.0. Let B be the category of Banach spaces and L°, M and C, L' the
functors of Definitions 1.8 and 1.9 respectively. Then C is a subfunctor of L and !
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is a subfunctor of M.

Proof. Clearly C(X) is a closed submodule of L*(X) and L}(X) is a closed
submodule of M*(X) for every X € B. Furthermore from Definition 1.8 it
follows that, for both of the functors L® and M*, a° TAp) = a o AT p)
= T,(a o A)(p), and therefore a o TA = T(a o A) for A € L*(X) or M(X) and
every X € B. By Definition 1.8,

1T oA —ao Al = [(TA =N < flall 1A = Al
for both functors L* and M*. Thus for every X, Y € Band a € [X, Y],

C(a) = L*(a): C(X) > C(Y) where C(@)A = a o A,
L'(a) = M*a): L'(X) > LY(Y), LA =acoA.
C and L' are therefore subfunctors of L* and M* respectively.
I shall also deal with a second important pair of functors.
Definition 1.10. Let 7" be a toroidal group and B the category of Banach

spaces. For every real number r, 0 < r < 1, define functors C" and M" acting
from B to M by

T;A - A 00
C'(X) = {A € I°(X)|sup IZA = Nimry oo},
seT" |5|

ITA = Ao xy
Allcrery = Aoy + sup ———————,
Al x) lIAll ) feg Is]

C’(@)(\) =aoA foreveryA € C'(X)and a € [X, Y],

1A Ig?"M(X) < oo},

ITA = Nlpmexy
Moy = 1A + sup —————*,
(A1l ) I ”M(X) ’E;{ Is]

M (@) = ao A

M (X) = {}\ e M| sup

Clearly C" and M’ are well-defined functors. C" has appeared in the form of a
functor before; indeed C” plays a very important role in some theories of
interpolation (in particular Calderén [3]) where C” and higher order versions of
C’ yield descriptions of the spaces intermediate between Sobolev spaces W™
and W'I? for integers m and /.

The central concept of this paper is that of a natural mapping of Banach
functors. Most theorems will center about a proof that a mapping is natural.

Definition 1.11. Let ¢ be a category of Banach spaces and F and G functors
F: ¢ — Cand G: ¢— C If T is a function which assigns to each object X € ¢
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an operator Ty: F(X) = G(X), then T is termed a natural transformation
T: F— G of Finto G if:
(1) For every X; Y € Cand a € [X, Y] the diagram

Foo_*, 6

F(a) l l G(a)

Ty
FY) — G(Y)

commutes.

(2) The norm of 7y as a mapping from F(X) to G(X) is uniformly bounded for
allX € &

If Fand G are two functors, the class of natural mappings from F to G will be
written [F, G). It is easy to see that [F, G] may itself be given the structure of a
Banach space with the norm for T € [F, G] defined by ||7]| = supy|| Tx|l.

Definition 1.11 is due to Mityagin and Svarc [24]; the second part of Definition
1.11 becomes a natural requirement for functors acting in categories of Banach
spaces. The important observation that the class [F, G] of natural mappings from
F to G becomes a Banach space is also due to Mityagin and Svarc.

With the concept of natural mapping of functors it now becomes possible to
define the notions of dual functor and tensor multiplier functor. The idea of dual
functor plays a similarly commanding role in the category theory of functional
analysis to that played by the notion of dual space in ordinary functional
analysis; the tensor multiplier functor is the analogue, along the same lines, of
the class of convolution multipliers from a Banach module X to Y.

Definition 1.12. Let € be a category of Banach spaces and F: ¢ = € a functor
acting on & A functor G will be referred to as the dual functor to F, and written
DF, if for every X € ¢, G(X) = [F,=4] and for all mappings a € [X, Y] and
y € [F,Zx), and any Z € ¢, [G(a)y]y = (Ix ® a)y.

The idea of dual functors seems to be due to Svarc [40]. For the category B of
Banach spaces Mityagin and Svarc [24] have proven that the class of mappings
[F,Zx] may be identified with a subspace of F(X*)* for every X € B, and in
particular that for any category ¢ of Banach spaces such that X € ¢ implies
X* € ¢, the functor DF is well defined.

The following proposition about the dual functor will be useful.

Proposition 1.1, Let F: B — B be a functor acting on the category B of Banach
spaces, and define the mapping vy: DF(X) = [F(C) = X] by vx(a) = ac for every
a € DF(X) = [F,Zx]. Then v: DF — Qg is a natural mapping.

The proof of the proposition is immediate from the definition (see Mityagin
and Svarc [24, §3.3)).
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I shall now define the tensor multiplier functor.

Let T" be a toroidal group and =M the category of Banach modules by
convolution over the ring M, consisting of possibly vector-valued Schwartz
distributions on T".

Definition 1.13. Let 7" be a toroidal group, B the category of Banach spaces,
and F and G two covariant functors F: B — =M and G: 8 — M. Define a
functor Homg[F, G]: B = M by

Homg[F,G](X) = [F,G o Zy],

2 llome(roxxy = IAlkrGoz, for every h € [F,G o Z],

(1.6)
Homg[F, G](a)(hg) = Gla ® 1g)hg

forevery h € [F,G o Zy]and E € B.

If H is a functor on B of the form (1.6) for some F and G, H will be termed
the tensor multiplier functor corresponding to F and G. I should remark also that
if A is an X-valued distribution and F and G are suitable functors, then A will
define an element of Homg[F,G](X) by A = y for every y € F(Y), where »
denotes tensor convolution (see Definition 1.21). I shall term a tensor multiplier
of such a form a tensor convolution multiplier. The functor Homg[F, G] is the
analogue for the functors F and G of the Banach spaces [X,Y] of convolution
multipliers from the Banach modules X to Y.

I shall now prove or state some of the basic theorems on natural transforma-
tions for the Banach functors defined above.

The first of these will be two useful propositions on the tensor product ®g.

Proposition 1.2, Let € be a category of Banach modules over a ring R, and suppose
that X, Y, Z € C. Then there exists a natural transformation establishing an
isometric isomorphism

X ®plY ®r Z] = [X @ Y] ® Z.
Therefore in particular the tensor product may be assumed to be associative.
Proof. Consider first the elements of the algebraic tensor products. Let
3 (S rjxof) + ¥o,2t) + @ € [X ©F Y] 5 2,
2 qilxe, 2 a5 {28} + Do} + Eo € X @R[V BRZ]
be general elements of each tensor product. Establish an isomorphism 7 by
m{{x, 0} + ¥, 2} + o] = {x,{»,2} + B} + E,

and extend r by the condition that r commutes with ring elements r € R and the
conditions (1.0) for the definition of the subspaces ¥,, ¥y, Ay, Zo. Clearly 7 will
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be an algebraic isomorphism. It is also clear by the definition (1.2) of the norms
in X @ [Y ® Z] and [X ®; Y] ®; Z that the algebraic isomorphism establishes
an isometry of normed modules; this isometry may therefore be extended by
completion.

Proposition 1.3. Let C be a category of Banach modules over a ring R, and suppose
X,Y, Z € C. Then there exists an isometric isomorphism

[X®rY,Z] =[1,[X,2Z]). = [X,[Y,Z]).

Proof. It will be sufficient to show the first isomorphism, since the second may
be established in the same way. Define a mapping 7: [X ®; Y,Z] — [Y,[X, Z]]
by

[rw)(¥)]x = u(x ®y) forallu € [X @ Y,Z]and x,y € X, Y
and extend by the condition of commutativity of 7 with r € R. It is clear from
Definition 1.1 of the norm in X ®, Y that
||”|hxo,r.z| = "‘"(“)I\Y.(X.ZII'

Let Cbe a category of Banach modules over a ring R. Proposition 1.3 says that
[X ®; Y = Z] may be identified with the class of R-balanced bilinear mappings
A: X X Y — Z. In this way ®; defines a universal bilinear product from X X Y
to Z.

The next proposition, although quite simple, states a third useful property of ®.

Proposition 1.4. Let F: B — B be a functor acting on the category B of Banach
spaces, and let F denote the Banach space F = F(C). Define for every X € B the
mapping cy: F ® X - F(X) by

(1.7) ix(f® x) = F(%)f where %: C = X is defined by %(1) = x

and iy is extended from (1.7) by linearity and continuity. Then i: Zg — F is a natural
mapping.
Proof. To see that i is natural, observe simply that the diagram
~ ix
F®X — FX)
1; ® al l Fle)
Fev —ly—’ RY)

commutes since F(a)iy(f ® x) = iy(f ® ax).
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Some very important natural mappings are given by the following representa-
tion theorems for the subfunctors C and L' of L* and M*.

Definition 1.14. Let T" be a toroidal group and B be the category of Banach
spaces. Define the functor L: B — M for every X € B by

L(X) = {f: T" > X | f Bochner integrable},
Moy = [ 1 @lxe,
L@(f)®) =af() Va€e[X,Y)fe LX) teT".

L clearly satisfies the requirements for a functor.
It is now possible to state an important and useful representation theorem.

Theorem 1.0. Let T" be a toroidal group and B be the category of Banach spaces.
Let L be the functor of Definition 1.14 and L' the functor of Definition 1.9. Then
there exists an isometric isomorphism L = L.

Proof. The proof of this theorem requires a lemma.

Let 7" be a toroidal group and S the class of Borel subsets of 7" If p is a
vector-valued measure from S to the Banach space X, the semivariation of u over
a set E € Sis defined by

(1.8) el (E) = sup

where the sup in (1.8) is taken over all finite collections of disjoint Borel subsets
of E and scalars a;.
The variation of p over a set E € S is defined by

(19) NWlIE) = sup S, I(EI

where the supremum in (1.9) is taken for all families of disjoint sets {E;}"., such
that UVYE; C E.
Remark. If |||ul||(E) < oo, then it is easy to show that |[|ul||(E) = [|ul|(E).

Lemma 1.0 (Dunford-Schwartz). Let C be the Banach space of continuous
Jfunctions on a toroidal group T"; let X be a Banach space. Then
(1) suppose that \: C — X is a continuous linear operator. Then there exists a
unique vector-valued measure p, defined on S, with values in X**, such that
(i) <{x*,u\()) is a regular countably additive measure for every x* € X*;
(ii) the mapping x* — {x*,u,(-)) is continuous with the X and M topologies;
(iii) <x*,A(f)) = {x*, £ f(s)du,) for every f € C and x* € X*;
(i) Wi = lall ().
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The converse also holds.
(2) Suppose that \: C = X is a compact linear operator. Then there exists a
unique vector-valued measure g, on S having values in X, such that
() A(f) = S fdm;
(@) Mkex) = Nl ll(T™).
Lemma 1.0 is a statement of the general representation theorems proved in
Dunford-Schwartz [10, VI, 7.2-7.3].
For every X € B and f € L(X) one may now define 7: L(X) = L'(X) by

()@ = [ o0/t for every ¢ € C.

Since f is Bochner integrable the map r is well defined. Furthermore since
IZf = fllyxy = O as s =0 (see Dunford-Schwartz [10, I11, 12.8]) it follows that
7 L(X) > L'(X).

1 shall now show that for every A there exists an integrable function f, such that
A = A

Let {p;) be a continuous complex-valued approximate identity such that
supp ¢ contracts to 0. For every s € T" define the function

(1.10) & (5) = ML)

Since ¢ is continuous for every k, (1.10) is a well-defined function continuous
from T" to X. Since cf is continuous for every k, cf is Bochner integrable for
every k. Therefore one may write

A1) "A@)= [ o)k (6)ds = [ pINTLe)ds = N * 9)

and furthermore

(1.12) AN@ = [ ONLP)ds = [ g )TA@)ds.
By (1.12),

I(et) = Altey = svp [ #ZNG) - A@lds

< sup |ITA = Alley) =0 ask — o0
Isl<1/k

since the supports of the ¢, contract to 0.

However, by (1.11), (ck)(¢) = Mo * ) and therefore 7(cf) is compact as the
product of a compact operator with A. Hence A itself is compact as the strong
limit of compact operators.

By Lemma 1.0 there exists a measure p, and a sequence of measures pf such
that

(1.13)

o) = [ odm, Mier = liall(T?),

(1.19)
A)@) = [odut,  Ilex = IlT™),
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where (uf) is the sequence of measures defined by duf = cfdt. Since cf is itself
a continuous function for every k,

(1.15) Ircthex = Nkl @™ = [ llekllde = lick gz

Therefore the norms of cf in L(X) and 7(cf) in [C, X] coincide. Since by (1.13)
the 7(cf) form a Cauchy sequence in [C, X], the cf therefore form a Cauchy
sequence in L(X) converging to an element f, of L(X); f, is clearly a Bochner
integrable function. By (1.14),

M@ = [ohde = f)@),  Mhex = Iilny.
To show that the mapping 7: L — L' defined by 7 = {ry} above for every
X € B is a natural mapping, observe that
LX) —%— L'(x)
L@ | 1“‘“’
L) —2— L'(¥)

commutes, since

L@(NG = o [Todt) = [ @fodt = 5 LD

Remark. By Proposition 32 of [13, p. 145] it follows that L!'(X) C M(X) with
identity of norms.

Theorem 1.0 has a twin which applies to the functor C.

Definition 1.15. Let 7" be a toroidal group and B the category of Banach
spaces. Define the functor C°: B — M for every X € B by

C°(X) = {f: T" - X | f continuous},
I fllcegey = S‘:P"f(s)"x,
C@)(f)®) =af(t) Va€e[X,Y,feCX),teT".
Theorem 1.1. Let T" be a toroidal group and B the category of Banach spaces.

Let C° be the functor of Definition 1.15 and C the functor of Definition 1.9. Then
there exists an isometric isomorphism C° = C.

Proof. I shall not prove Theorem 1.1 in detail since its proof is almost a word-
for-word repetition of that for Theorem 1.0 above. The role of Lemma 1.0 in
Theorem 1.0 is here taken by a second theorem due to Dunford and Pettis.

This theorem will also be useful in other contexts.
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Theorem 1.2 (Dunford-Pettis). Let T" be a toroidal group and L' the Banach
space of integrable functions on T". Then:

(1) Let X = Y* be a Banach space which is the dual of a separable Banach space
Y. Suppose that \: ! — X is a continuous linear operator. Then there exists ana.e.
unique weak* measurable function f,: T" — X such that

(i) foreveryy € Y,
A@) = [ A6 ds;

(i) "Mh'.x] = ess sup, A (9)lx.

The converse is also true.

(2) Let X be an arbitrary Banach space and suppose that \: L' — X is a compact
linear operator. Then there exists an a.e. unique strongly measurable function
f: T = X such that

(@) M) = S Als)p(s)ds;
(i) o = ess sup, 15l

Theorem 1.2 may be found in [10, VI, 8.5-8.10].
Another important natural isomorphism is given by the following theorem due
to Grothendieck.

Theorem 1.3 (Grothendieck). Let T" be a toroidal group and B be the category
of Banach spaces, and 1! the L' functor on B. Then there exists an isometric
isomorphism Zpc) = L'.

The proof of Theorem 1.3 may be found in Grothendieck [13, p. 60]. It involves
the use of the Dunford-Pettis theorem [10, VI, 8.10] to represent the bilinear
operator on L! X X for X € B.

2. The natural mappings of harmonic analysis. As mentioned in the introduc-
tion, this paper will be concerned with the study of those natural mappings of
functors defined respectively by the Fourier transform, convolution, and convo-
lution multipliers. In this section I shall define the Fourier transform and
convolution as mappings of functors in the category of Banach spaces and prove
or state those theorems necessary to develop the elementary properties of these
mappings.

Definition 1.16 (the Fourier transform). Let T” be a toroidal group and B the
category of Banach spaces. Suppose that D is the distribution functor acting on
B. For every Banach space X € B and A € D(X), define A(m) = Ae,)Vm
€ Z" where e,, is the function defined by e, () = e~¥m0,

Clearly the operator ~ defines a linear mapping from D(X) to the linear space
of X-valued n-dimensional sequences on Z".

Definition 1.17. Let Z" be the group of n-dimensional integer lattice points and
B the category of Banach spaces. Define
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I”(X)={A\: 2" > X|Abounded} VX E B,
N (X) = :}Euz)”llh(m)llx VAEI!®(X)and X € B,
(@A) = ao A

Clearly I is a functor.
For the important special case in which A € L!(X) the following proposition
follows immediately from Definition 1.16 and Theorem 1.0.

Proposition 1.5. Let T" be a toroidal group and B the category of Banach spaces.
Let L' be the L' functor acting on B. Then for every X € Band X € LX),

A(m) = f fi(e<mdy

where f, is the function corresponding to \. Furthemore " defines a natural mapping
of the functor L' to the functor I,

The following proposition also follows easily.

Proposition 1.6. Let T" be a toroidal group and B the category of Banach spaces.
Let D be tlze distribution functor on B over T". Then for every X € B and
AEDX),ANm)=0Vme Z"implies\ = 0.

Proof. Clearly there are very many proofs for this proposition: I shall use the
very useful device of reducing the vector-valued case to the scalar case.

Let X € Band A € D(X), and suppose that A(m) = 0 Vm. Then, for every
x* € X*andm € Z",

0= <x"x(m)> = (x‘,)\(e,,,)).

Hence by uniqueness for the case of scalar-valued distributions the distribution
A (@) = (x* Me@)) = 0 for every x* € X* and ¢ € C®. Hence A = 0.

Using the notions of vector-valued distribution and the Fourier transform of a
vector-valued distribution it is now possible to extend the definition of harmon-
ically invariant Banach space to the case of Banach spaces of vector-valued
distributions.

Definition 1.18. Let X = X, be a Banach space consisting of distributions with
values in a Banach space B. Let

Ex = {e, | 3A € X3 A(m) # 0),
BEX = {be,,, l b (S B,e,,, (S Ex},
C¥ ={pEC?|d(m) =0VYVmDe,& Ex}.



18 THOMAS DONALDSON

Then [ shall say that the space X is harmonically invariant if

(M 1Al = 1INllx,

(2) C¥ ® B* is a norming subspace of X*,

(3) BEx C X.

Clearly Definition 1.18 is constructed in strict analogy to the corresponding
definition of harmonically invariant Banach space in the complex-valued case.

It is similarly possible to define vector-valued Banach modules over M. Clearly
for every measure p € M and ¢ € C*, p* ¢ € C™. Let B be a Banach space
and A a distribution A € D(B). Then the module product A * p is defined by
duality as A * p(p) = Ap * ¢).

As was the case for the categories By and =My one may now construct
analogous categories for vector-valued distributions. Let B, be the category of
harmonically invariant Banach spaces X of distributions with values in a Banach
space By. The morphisms for B, will consist of the continuous linear mappings
[X,Y]. Let oM, be the category of normal Banach modules X over M, where X
again consists of vector-valued distributions, and the morphisms for =M, will
consist of all continuous module homomorphisms a € [X, Y] such that a*:
V(Y*) > V(X*). It is easy to see that By, is a subcategory of B, and My, is a
subcategory of =l,.

For the category B, it is also possible to define a function W: B, — B, which
will be useful in what follows:

Definition 1.19. (1) Let B, be the category of harmonically invariant Banach
spaces, and define the function W: B, - B, for every X € B, by

(116) W(X) = V(X*)* where V(X*) = cly.Cy¥ ® B*,

by = 1Al xeye -
(2) Let oM, be the category of normal Banach modules over M, and define the
functor W: oMy — oM, as in (1.16) above, with also
W(a) = B* where B = a* |y .
The following proposition will also be important.
Proposition 1.7. Let Y € B. Then Zy: By = B,

Proof. Proved as Theorem 2.7 in Chapter 2.

The second elementary mapping of harmonic analysis with which I shall deal
is that of tensor convolution.

Definition 1.20. Let 7" be a toroidal group and B the category of Banach
spaces. Let L' denote the L' functor on B. Then for every X, ¥ € B and
f e LX), g € L/(Y), the tensor convolution of f and g is defined by

1+86) = oy [ 16 = D @ 0.
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I shall often refer to tensor convolution simply as convolution. Clearly if
fel(X)andg e L)(Y), thenfsg e T" > X®Y.
A second definition may be given of tensor convolution for the functor D.
Definition 1.21. Let 7" be a toroidal group and B the category of Banach
spaces. Let D be the distribution functor and C* the C* functor on B over T".
Then for every X, Y € Band A € D(X) and ¢ € C®(Y), the tensor convolu-
tion of A and ¢ is defined by

Ao o) = 35 ® ATp)

M
for every ¢ = Ey,'(p,' Withy, €Y, P; EC® Vi

and extended to all ¢ € C*(Y) by continuity. Since every ¢ € C®(X) is the
limit in the seminorms Py’ of a uniformly absolutely convergent Fourier series
@ = 2° @(m)en, A * @ is defined for every A € D(X) and ¢ € C®(Y). Clearly
Definitions 1.20 and 1.21 coincide for A € L!'(X).

To prove a version of Young’s theorem for functors a definition will be
necessary.

Definition 1.22. Let 7" be a toroidal group and B the category of Banach
spaces. Suppose that C is the continuity functor and L! is the L' functor on B
over T". Then for every X, Y € B, define bifunctors Cg, L}, and CF by

CeX,Y)={AECKX® Y)}’ C@(G,B) =a®fBoA
(1.17)

Nlegex,ry = Nlexerys
LiX,Y)={Ae!(X®Y)), Li(,B)=a®Bo]
(1-18)_ ||)\||u(x.)') = “Mlmxey);
(1.19) X Y)={peC°(X®Y)}, C3(aBl =a® L)
R°(9) = sup||D"gllyey ¥m > 0.

(1.17), (1.18) and (1.19) are each clearly bifunctors. The following proposition will
now follow easily.

Proposition 1.8 (Young’s theorem for functors). Let T" be a toroidal group and
B be the category of Banach spaces. Suppose that L is the L' functor on B, C the
continuity functor, and D and C® the distribution and C® functors respectively. Then
the * of tensor convolution defines a natural mapping of bifunctors

(i) *: ! X C > Cg,
(i) »: ' x L' > L},
(iii) »: DX C® > C2.

Proof. Proposition 1.8 follows immediately by the same methods as in the

scalar-valued case for (i), (ii). Part (iii) follows immediately from the observation
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that differentiation commutes with convolution in the tensor case also, and that
¢ € C*(Y).

With the aid of Young’s theorem it is now possible to state and prove a
proposition relating convolution and the Fourier transform.

Proposition 1.9. Let T" be a toroidal group and B the category of Banach spaces.
Suppose that L is the L' functor and D and C* are the distribution and C® functors
on B over T". Then:

(I) Forevery X, Y € Bandf € L'(X), g € L'(Y),

(1.20) (f * 8)" (m) = f(m) ® £(m).

(I1) Forevery X, Y € Band A\ € D(X), ¢ € C*(Y),

(1.21) (A + ¢)" (m) = A(m) ® $(m).

Proof. (I) Since there does not exist a satisfactory version of the Fubini-Tonelli
theorem for vector-valued integrals, it is necessary to approximate f and g by
continuous Banach-space valued functions f, = fin L!(X) and g, = g € L'(Y).
Since f and g are Bochner integrable and hence a.e. separably valued this may
clearly be done. Hence it is enough to show the theorem for f and g continuous
whence (1.20) follows in the general case. However for f and g continuous,

(fog) (m) = (-27’7—) [ £+ g6)emds
1 ; 1
= er‘n(m.s){(z—w)iff(s - t) ® g(()dt} ds

= (2—;? f f(s = Neims— @ (# f g(l)e"'<"'“>df) ds

= L[ (s = demims> @ g(m)ds = }(m) @ &(m)
@n

just as in the scalar-valued case.

() Let X, Y € Band A € D(X), p € C*(X). Then ¢ = Z° ¢(u)e where
() € Y Vp and the Fourier series 3 ¢(u)e, is uniformly and absolutely
convergent together with all of its derivatives. Then by the continuity of A and
the Definitions 1.16, 1.21 of the Fourier transform and convolution

[ A+ gden(s)ds = [ 3 4(n) ® MTe,)en(s)ds
= 3 4() @ Ne,) [ e,(Sen(s)ds = im) @ Alm)
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CHAPTER 2: THE TRANSLATION OPERATORS

In this section I shall develop the basic properties of the four mappings A, V,
7, A, which will be of very much importance in the next chapters. These
mappings provide a technical apparatus to transform theorems on natural
mappings of functors on the category B into cognate theorems on the continuity
of integral operators acting on harmonically invariant spaces in the category B;
in particular they allow the process discussed in the introduction to be carried
out for very general spaces of distributions.

The following proposition will be used in a basic way.

Proposition 2.0. Let T" be a toroidal group and C7°, Cs; be the metric spaces of
complex-valued C*® functions and D,, D,, the distribution functors on T" and
T = T" X T" respectively. Then:

N)CreCP =C3.

() Dy =D,o D,= D,® D,

(3) For every Y € B, there exists a natural isomorphism Zy o D, = D, o 3y
= Zyep,

(4) There exist natural isomorphisms D, = Homg|D,, D,] = Homg[CT, D,].

Proof. (1) The proof of (1) may be found in L. Schwartz [36, Proposition I, p.
17, Chapter II}.

(2) This part follows very easily from part (1) by virtue of the properties of the
tensor product shown for Banach spaces in Proposition 1.3 above. Let X € B.
Then

Dy(X) =[G, X] = [C ® G, X] = [C°,[C°, X ]| = D, ° D,(X).

(3) Let X be a Banach space and define, for every y ® A € ¥ ® D,(X) and
X € B,

(2.0) ix(y®A) =A®y.

(2.0) is clearly a continuous isomorphism after extension by linearity.

Now observe that since D, is a nuclear space and ® is the projective tensor
product (cf. [13, Definition 2, p. 32]) it follows by [13, Theorem 6, p. 34] that
D,(X) = D, ® X. Hence

2.1) D(X)®Y=D,8X®Y=D,(X®7Y).

Let jy(x ® y) = y ® x, and extend jy by linearity. Then jiy is also continuous
and isometric and D,(jix): D,(X ® Y) = D,(Y ® X ). One may therefore define
the mapping

Yx = ix ° jx: 2y D,(X) = D, Zy(X).
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Clearly also the mapping y = {yy} is natural, since for every X, Y, and
a € [X, Z], the diagram

Tx
Zy °Dy(X)=Y ®D,(X) —— D, ° 3,(X)

1y ® D, (a) J JD,,(IY ®a)

Zy °D.@)= Y @Dy(2) —5-— D, ° Zy(2)

commutes:
D(ly®a)yx(y®N) =1, 1, ® aA ® y ® x)

= yz(ly ® 1p, ® a)(y ® A ® x) = yz(y ® D,(a)})
= yz° ly® D,(a)(y ®N).

(4) 1 shall show the existence of an isomorphism Homg[D,,D,] = D,. The
second part follows easily in the same way.

Observe that by Definition 1.13 and part (3) above, there exist natural
isomorphisms Homg[D,, D,](Y) = [D,, D, ° =y}

Let H € [D,,D,(Y)]. Since H commutes with elements of M, e, * H(e,,)
= H(e,,). Let o(m) = H(e,) (m). Then

H(e,) = H(en) (M, = @(mle,  Ym

where @(m) € Y for every m.
Furthermore for every trigonometric polynomial p and A € D,, p*A is a
trigonometric polynomial. Therefore

H(p* N (m) = pm)HN)" (m),
H(p* N (m) = o(m)(p * N)" (m) = @(m)s(m)A(m).

Since (2.2) holds for every trigonometric polynomial, it follows that H(A)" (m)
= p(m)A(m) Vm.

I shall now show that ¢ is the Fourier transform of a distribution » € D,(Y).
From this fact it will be possible to define the isomorphism iy: Homg[D,, D, Zy]
- D,(Y).

To do so I shall first prove a lemma.

Lemma 2.0.1. Let Y be a Banach space and \ € D,(Y). Then:
(1) There exists an integer m and a constant k such that, for every ¢ € C7°,

22)
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(2:3) IN@)ly < k sup ||[D?qll,.
0<p<m

(2) There exists an integer k such that |A(m)|ly, < |m|~.

Proof. This proof is standard. Suppose that no inequality of the form (2.3) held.
Then there would exist a sequence {p,> € C{° such that ¢, # 0 Vk and

2.9 IMei)lly > &+ sup [IDPqy k-
0<p<k

Since ¢, # 0 by (2.4), &, = supo<,<i [D?Pilbs > 0. Let ¢y, = (kay)™'@;. Then
@ € CY and supog,<x [ID?Yi |k, = k~'; hence ¢, — 0 in C*. However

@Il = (k)™ M@l > 1.

Since A: C® — Y is continuous, (2.4) is impossible and the inequality (2.3) is
true.
(2) follows immediately from (1) on setting ¢ = e,, for each exponential e,,.
By Lemma 2.0.1, ¢ is the Fourier transform of # € D,(Y) if and only if {g(m))
is a tempered sequence in Y. Suppose that {gp(m)) is not tempered. Then there
exists a sequence {m,» such that |m,| = co and |lg(m,)lly > Im.|*. Let ¥(x)
=3 |my|™2ekm5>, y is clearly in C®; however

ot )me)lly > |my /2

which contradicts the fact that H(A\)" = ¢. A is a distribution in D,(Y) and
therefore tempered.

Let © denote the inverse Fourier-Schwartz transform of an m-dimensional
sequence in Z”, and define iy(H) = @ = h where A is the distribution in D,(Y)
generated by ¢.

Clearly i = {iy} is a monomorphism; it is also clear that i is onto. To see that
i is natural, observe that the diagram

Homg D, D,1(Y) ~—1— D,(¥)
!
Homa[D,,, D,)(a) l lD,,(a)

Hom@ [Dn’ Dn](z) _—’ Dn(Z)
Iz

clearly commutes since the Fourier transform ~ and its inverse ~ on Z" are
both natural mappings.

Definition 2.0. Let C°, C5; be the metric spaces of complex-valued C*
functions on 7" and T?. Define
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1
Agp(x,y) = Wf(p(x + 5,y — s)ds Vo € C33,

2.5) Ag(x) = (—2-71-7)—,. f s, x — s)ds,
Vo = (I - A)g;
(2.6) o(x,y) =9lx +y) Vo €&CP.

It is now possible to define the mappings A, V, A, and 7 on spaces of
distributions.

Definition 2.1. Let D,, D,, be the distribution functors over B on the toroidal
groups T", T?" respectively. Define natural mappings A, V, A, 7, A* for every
X € Bby

Ax M) = MAy), VYA € Dy (X)and ¢ € C2,
Ved = (I - Ap)A,

AxNe) = A(r9), VA € Dy(X), 9 € C7,

Ap) = AMAg), VA € D,(X), ¢ € Cp,

AYH = Aygz(Hz ® 1p)Az, VH € Homg[D,,D,](X), VZE€ B,
AYH = Ayez(Hz ® 1p,)12.
Remark. It is clear from Definition 2.1 that, for X € B,
Ax: Dyy(X) = Dy(X),
Vi Dyp(X) = Dy (X),
Ax: Dy (X) = D (X),
x: Dy(X) = Dy (X),
A%: Home|[D,, D,](X) - Home|(D, D,, D, D,](X),
A%: Home|D,, D,](X) - Home[A D, D,, AD, D,](X).

The last two relationships follow from Proposition 2.0.
The following theorem states the fundamental properties of the six mappings
above acting on the distribution functors D, and D,,.

Theorem 2.0. Let B be the category of Banach spaces and D,, D,, the distribution
Sunctors on B over T", T respectively. Then:
(1) Let J be the natural embedding of VD, D, in D,D,. Then

0- VD,D,> D,D,> D,D, > 0



HARMONIC ANALYSIS FOR FUNCTORS 25

is split exact.
(2) In the diagram

D,D,

A

0 — ADnDn;" AD,D, — 0

l

0
all sequences are exact.

. 0 = Home|[D,, D,] > Home|[D, D,, D, D},
0 - Homg[D,, D,] £ Homg[A D, D,,AD,D,)

are exact.
(4) All mappings of functors in (1), (2), (3) are natural.

Remark. Let H be a complex-valued distribution. The import of Theorem 2.0,
in particular parts (3) and (4), is that the mapping 7 commutes with any
convolution operators H € [D,, D,], and hence with any operator H € [F, F] for
a large class of functors. Thus AH # 7TA = H » A and therefore H * 7A =
m(H * A). By part (3) of Theorem 2.0 one is enabled to transform multiplier
theorems for mappings of functors [F, G] into theorems on mappings [A F, AG].
Essentially parts (3) and (4) say that any mappings in Homg[F, G] correspond
exactly to mappings in Homg[A F, AG], and therefore will be mappings for any
spaces of the form AF(X), AG(X) for any X € B,.

Proof. (1) It is clear that A is onto AD, D, and that the embedding map J is a
monomorphism. Therefore it is only necessary to show that VD, D,(X) is exactly
the kernel of Ay.

Observe that by Definition 2.1 of Ay and the fact that D,,(X) = D, D,(X), for
every A € D,,(X) = D,D,(X),

AFN@) = M&%9),
and by Definition 2.0

1
o A2g(x,y) = Wffcp(x+s+t,y—-s-—t)dsdt

= (2—:r),,f<p(x + u,y — wydu = Ag(x,y).
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Hence Vo = (I — A)p € Ker A.
Let AyA(p) = 0. Then A(Ap) = 0. Clearly A is continuous from C{2 to C, and
therefore by (2.7) above, A is a projection. Hence

A@) = M - A)o) + Mag) = M - A)p) = TA(9).

Thus A = WA € VD,D,(X). Hence Ker Ay = % D,D,(X). To see that the
sequence (1) is split exact, it is now only necessary to observe that A = WA
® Ay A forms a direct sum decomposition of D, D,(X) = VD, D,(X) & Ay D, D,

(2) Let X € B. 1t is clear again that the vertical sequence D,D,(X)
—8AyD,D,(X) — 0 is exact since Ay D,D,(X) is just the image of D,D,(X)
under Ay. To show that the horizontal sequence is exact, it is only necessary to
show that 7, is onto and one to one.

To show that 7y is onto, let A € Ay D,D,(X). Then A = AyA. Let Ay = A\
For every ¢ € C°,

Ao (@) = v AxA(@) = AxA(Ag) = AMrAg).

However
TAp(x,y) = (—2—:r—)7,7[q3(s,x - 5)ds = (2-:7);f¢(s,x +y —s)ds

=(2%),,fq;(x+s,y—s)ds=mp.

Hence 74y Ag(@) = AMAp) = AyA(p) = A(p) and 74 is onto.
To show that 7y is a monomorphism, observe first that

Aw(x)=(2%),.f¢(s+x-s)ds=<p(x)

and therefore A is a left inverse for 7. Suppose now that 7,(A) = 0. Then
{Ap,A> = 0 for every ¢ € C5, since 1: C — Cs3, {p,A) = {Arp,A) = 0 for
every ¢ € C and hence A = 0.

(3) To show that A} is a monomorphism, observe first that by Proposition
20, D,o 3y = Z) oy Hence there exists a natural algebraic isomorphism
Homg[D,,D,)(Y) = [D,, D,=y] = [Zp,, Zp,er]. Furthermore it is easy to show
that the mapping iz(H;) = Hc with inverse iz(Hc) = Hc ® 1 defines a natural
algebraic isomorphism

(28) (2o Zn,6r] Z [Dyy D, ® Y] = [D,, D,(Y)]

where in the last two terms of (2.8), D, = D,(C) and D,(Y) are the respective
spaces of distributions.

It will therefore be sufficient to show (4) for the case in which the Banach space
Z is simply the space C of complex numbers.
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Suppose that Y € B and H € [D,,D,(Y)] and that AJH = Ay(H ® 15, )Ac.

Then in particular for every distribution A = ey e} € Dy, = D ® D?,
AyH ® ID,Ac(e,’,‘,e,{',) = 0.

Since Ac(enex) (%,9) = 2m)™" § en(x + sS)en(y — 5)ds = en(x)en(y),
(29) 0= Ay(H ® 1p,)(enen) = Ay(H(en)es) = Ay H(m)ee;, = A(m)ener-
Hence A(m) = 0 Vm € Z". Since A is the Fourier-Schwartz transform of the
distribution in D,(Y) corresponding to H by the monomorphism Homg[D,, D,]
~ D, it follows that H = 0 and hence A* is a monomorphism.

Finally it follows immediately from (2) that the second sequence in (3) is a
monomorphism.

(4) Since the proofs that the mappings of Theorem 2.0 are natural are closely

analogous in each case, I shall only prove that A is natural. To do so it is only
necessary to observe that the diagram

D,,(X) %5 D, (X)

Dzn(a)l l Dyn(@)
D,,(Y)—3 = D3u(Y)
Y

commutes, since for every A € D,,(X) and ¢ € C5,

By Dy (@)N@) = By(a o M) () = a(M(A9)) = a(AxA(@)) = Dy ()AxA(p)-

Let K be a functor on the category B over the toroidal group T". I shall say
that K is between the functor C° and D, if the embedding monomorphisms
C® C"K C" D, are natural.

The following proposition will be important to interpreting the results of
Theorem 2.0 for the rest of this section.

Proposition 2.1. Let K be a functor over T" on the category B, and suppose that
K is between C;° and D,. Then:

(1) For every Banach space X € B consisting of distributions on T" with values
in a Banach space B € B, and every Y € B, there exists a monomorphism py,

Kx®Y)C D, (B®Y)
(2) Let K be a functor K: B — My Then there exists a natural monomorphism
©*,

ue
Homg[K, K] € Homg[D,, D,].
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Proof. Part (1) is an immediate consequence of Proposition 2.0 together with
the facts that X consists of distributions on 7", and K is a subfunctor of D,:

KX®Y)CD(X®Y)=D,®X®YCD®D,®B®Y

(2) Since the functor K is between C* and D,, the embedding monomorphisms
7, 7’ are both continuous. For every Y € Band H € Homg[K, K](Y) define the
mapping p%: Home[K, K] = Homg[C*, D,] by

(2.10) uy(Hy) = nyey © Hy © nx.

To show that p* is a monomorphism, suppose that p3(Hy) = Ofor X, Y € B.
Then since nygy is @ monomorphism Hy o ny = 0, and therefore Hy(f,) = 0 for
every fy € C*(X). Since K: B — =My, Hy is a module homomorphism over L.
Hence for every ¢ € C*® and f € K(X), ¢ * Hy(f) = Hx(p * f) = 0. There-
fore Hy(f) = O for every f € K(X) and Hy = 0.

Since the mappings 7' and 7 in (2.10) are both natural it follows that p* is
natural. Since by Proposition 2.0 there exists an isomorphism i: Homg[C*®, D,]
= Homg[D,,D,], the mapping u* = i o p} defines a natural monomorphism
p*: Homg (K, K] C Homg[D,, D,].

Let K be a functor between C*® and D, acting on the category B, and suppose
that X € B is a Banach space consisting of distributions on 7" with values in a
Banach space B € B. Since, by Proposition 2.1, K(X) C D,,(B), the mappings
A, V, A, 7 define mappings on K(X) by restriction. One may therefore make a
definition:

Definition 2.2. Let K be a functor between C® and D, acting on the category
B. For every Banach space X € B consisting of distributions on T" with values
in a Banach space B € B, define restrictions of A, V, A, 7 to K(X) by

Ay = Ag |x(x), V=V IK(X)’

Ax = Ap k) T = T8 | k00) -

If X is a Banach space of distributions with values in B, I shall regard the
Banach space B as uniquely determined by X. It will then follow that given a
functor K and a Banach space X of B-valued distributions, the meaning of Ay,
Y Ay, Tx is unambiguously assigned.

For the rest of this paper, when the functor K and the Banach space X may be
clearly understood from context, I shall often write 4, V, A, 7 for the mappings
Ay, VW, Ax, mx.

In the forms given by Definition 2.2 and Definition 2.5 (to come) the mappings
of Definition 2.1 and Theorem 2.0 will be used extensively throughout this paper.
Their properties however will depend strongly on the categories on which they
act. The weakest properties which are still of interest are given in the following
definition and theorem for the category B,



HARMONIC ANALYSIS FOR FUNCTORS 29

Definition 2.3. Let T" be a toroidal group and L' the L' functor on the category
B,. Suppose that K is a norm subfunctor of L' and §°, the operator of translation
by ¢ acting on X € B,. Define, for every X € B,

AK(X) = {f € K(X) | 65L, is Bochner integrable in L'(X)},
1
Wlarerr = 57 S 103l

Clearly AK defines a functor on the category B, (in B, the only mappings are
the identity).

It is important to note that 8% may not be continuous in ¢ when acting on
general spaces X € B; again, AK(X), although clearly a subspace of K(X), may
not be a closed subspace.

The properties of the mappings A and 7 on AK are given in the following
theorem.

Theorem 2.1. Let K be a norm subfunctor of the L' functor on B, over T". Then
for every X € B,, all sequences in the diagram

AK(X)

Ay

T
0 —— AAK(X) —— AAK(X) — 0

are exact and all mappings are continuous.

Proof. Let X € B, and suppose that f € K(X) and 8°f, is Bochner integra-
ble. By Proposition 2.1, K(X) C D,,. Since 8%/, is Bochner integrable, 8°f, is
weakly integrable. Therefore for every ¢ € C52

(2—:,)»7 f 8 Ldt(e) = f ((7:; f 5® 8_,(<p)dt) = f(Ap) = Axf(9).

Hence

1891ry = | g 331

K(X)

1
< oy J 188t = Wflaxenr-
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Furthermore

1800y = Gy 104 )l

=”

Hence A: AK(X) = AK(X) is continuous. The continuity of 7, and the exact-
ness of the sequences for Theorem 2.1 is obvious.

In the case of functors acting on the category B, it is possible to obtain very
much more extensive information.

Definition 2.4. Let T" be a toroidal group and L® the L* functor on B,
Suppose that K is a norm subfunctor of L®, between C* and D, and
K: By = M. Define functors AK, AK, VK from B, to =M, by

dt = [|&fllxexy-

1
(2—'/7); f 85vif-seds

AK(X) = AxK(X), AK(a)f = AxK(a)rf,

® I llakey = lrefllkeeys Vf € AK(X);
@) AK(X) = AxK(X), AK(a) f = Ax K(a)Ayf,
Ilakeey = Nfllkexys Vf e AKX);
VK(X) = WK(X), VK(@)f= %K@%S,
Illoxeey = 1A llkexys Vf € VK(X).

Using Proposition 2.1 it is also possible to define mappings A* and A* for
functors K: By — M.

Definition 2.5. Let T" be a toroidal group and L® the L* functor on T™;
suppose that K is a norm subfunctor of L®, between C° and D, such that
K: By = M. For every Y € B define mappings

A*: Homg[K, K] > Homg[AK,AK],
A*: Homg[K, K] » Homg[A K, AK]

by AY(Hy) = AxeyHyAx, A}(Hy) = AyeyHy1y for every X € By and H
€ Homg[K, K].

It is necessary to show that the functors (1), (2), (3) are well-defined functors
in the category B, in particular that the action of the functors on mappings
a € [X, Y]is well defined. Furthermore it is necessary to show that the mappings
of Definition 2.5 have the indicated ranges. The first of these facts will come as
a corollary to the next two theorems; the second will be proved as part of one of
them (Theorem 2.3).

Theorem 2.2. Let T" be a toroidal group and L® the L functor on B,. Suppose
that K is a norm subfunctor of L, between C° and D,, and K: By —> M,. Let
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A: Dy, = D,, be the mapping of Definition 2.1. Then for every X € B,, A: K(X)
- K(X).

Proof. I shall give the proof in a succession of lemmas.

Lemma 2.2.1. Let X € B, and suppose X consists of distributions \: C*® — B
with values in a Banach space B; let Ey = {e, | 3\ € X 3 A(m) # 0} and
C¥ = clc=Span Ey. Then there exists a closed subspace Y © X* such that

(1) C? ® B* isdense in Y;

(2) X is isomorphic up to equivalence of norms to a closed subspace of Y*.

Proof. This lemma is simply a restatement of Definition 2.1 of the category B,.
Since X C D,(B), C¥ ® B* defines a class of continuous linear functionals on
X by

2.11) b* @ 9, A)x = <b* No)s
where (2.11) may be extended by linearity to all of C¥ ® B*.

Lemma 2.2.2. Let L™ be the L® functor on B, over T". Suppose that X € B, and
Y is the closed subspace of X* given by Lemma 2.2.1. Then for every f € L', and
A EL*X)=[LX]

2.12) AN) = o [ POIN(N)dt € X

where the integral in (2.11) exists in the weak sense on Y.
Furthermore the inequality

(2.13) 1AMl =0y < TMllgory
holds.

Proof. Since A: ! > X and X C Y* by Lemma 2.2.1, A: ! = Y*. Hence by
the isomorphism of Proposition 1.3, A may be identified with the mapping
ML®@Y->C.SinceCPC LlandCY ®B*C Y, A:CP@CY®B*—>C.

Therefore for every b* € B*, f€ C¥ C L',and ¢ € C?,

b* AN(F ) (@))s = <b* AN(f ® )5 = <b*, MAf ® ¢))p
waf 1
(2.14) = <b "A(W f 8., ®68(f®09) dt)>
= <b‘,6:7); [ren. (e (p)dt>.

Since (2.14) holds for all ¢ € CZ, f € C>, and b* € B*, and C° @ C¥ @ B*
is densein L' ® Y,

ANS) = oo [ L OON(D e
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and AX(f) exists as a weak integral with respect to Y for every f € L.
I shall now show that AA(f) € X for every f € L\ Let f € L' and observe
that

ANS) = G [ 20Nt = G [ L2 @INf)

Since f, is a continuous function of ¢ in L!, and A: ! - X is a continuous
operator, A(f) is a continuous function of ¢ in X. Therefore there exists a
sequence of trigonometric polynomials Py(f) = 3V x,,e.(f) with coefficients in
X, and converging to A(f£) uniformly in ¢. Furthermore for every m € Z" and
x EX,

<b‘ ® qo,ﬁ f L°°(8,)xe,,,(t)dt> = <b‘, x((le) f tp.,e,,,(t)dt)>

= 6% x(p * €n)) = (b §(m)x(en) x(en))
= b*, %(m)){,en) = {b* @ @, k(m)e,,).

Therefore 27)™" f L°(8,)xe,(t)dt = %(m)e,, where %(m) € B. Since X € B,, it
follows by condition (3) of Definition 1.18 that X contains all elements of the
form be,, for b € B. Therefore (27) " f L*(8,)xen(f)dt € X.

Let Py() = 3" x,e,(t) be a trigonometric polynomial approximating to
A(f). Since Y is a subspace of X* norming for X,

I = @on - punar]| = sup (o f oI - PO

X lyllys 1
< [ 1L )N = Pu(@]lxdr.
Since X € B,, the norm of X is invariant with respect to translation. Therefore
(2.15) 12 @A) — Pe@lllx = IM£) — Px(@llx-
Since (2.15) is clearly measurable and — 0 uniformly with respect to ¢,

| = 6anen - monal| —o

and AN(f) € X as the strong limit of elements of X.
To show the inequality (2.13) it is now only necessary to observe that

1AMl < g S 122Dt < Il 1

Again by the translation invariance of the norms in X and L'. Hence [[AA||z=(x)

< Mo xye
The theorem will be proved completely with the proof of the following lemma.
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Lemma 2.2.3. Let K be a norm subfunctor of L®, between C® and D,, and
K: By — My. Suppose that X € By, Then ||AN|xxy < [llkex)

Proof. Let X € B, and suppose that X is a norm subfunctor of L®. Then the
unit sphere B, K(X) = {A € L°(X) ||Allgx) < 1} is clearly a closed convex
subset of L*(X) containing 0.

Let X consist of distributions with values in a Banach space B and let iy be the
isometric monomorphism

[, X4 @ Y]
defined by the composition of

N 3
[ x) e, y*l=[L o Y]*.

Since all mappings are isometries, iy is an isometry. Hence in particular the image
ix(B;K(X)) = S, forms a closed convex subset of (L ® Y)* and [|-||¢.y) isomet-
rically generates a seminorm |[|-[|xx, on (L' ® Y)* by the Minkowski functional
of SI'

By the first part of Lemma 2.2.2, L*(§,)A_, is weakly* integrable in [I' ® Y]*.
Since (§9)° = S, it is sufficient to observe that for every u € S,

Cuin( g S £ @M -at) ) < ks [ 1= @IN-loerdt = Wler

and hence [|AA]lxy < [Aller)
The next theorem follows immediately from the previous theorem by the use
of Theorem 2.0 and Definition 2.2.

Theorem 2.3, Let T" be a toroidal group, B the category of Banach spaces, and
L* the L* functor on By. Then for every norm subfunctor K of L* such that K is
between C*® and D,, and K: By — My, and for every X € By:

(1) If Jy denotes the embedding map of VK(X) to K(X), the sequence

0 - VK(X) 3 K(X) 3 AK(X) - 0 is split exact.

(2) In the diagram

KX

all sequences are exact.
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(3) For every Y — B the sequences

x

A
0 - Homg[K, K](Y) = Home[AK,AK](Y),
*

A
0 - Homg|K, K](Y) = Homg[AK,AK](Y)
are exact.

Proof. To see that (1) is true it is only necessary to note that the embedding
map Jy is well defined since by Theorem 2.2, VK(X) = (I — A)K(X) C K(X).
(1) then follows from Theorem 2.0. (2) follows immediately from Theorem 2.0
since AK(X) is simply the image of K(X) C D,,(B) under the mapping A.

I shall now show part (3). By Theorem 2.7 below (Proposition 1.6) it follows
that if X € By, then X X Y € B, for any Y € B. Therefore A: K(X) = K(X)
and A: K(XX Y) > K(X X Y) for every X € By and Y € B. It is then clear
from part (2) that the mappings of (3) have the indicated ranges. The rest of (3)
follows immediately from Theorem 2.0 and the definitions (Definition 2.1,
Definition 2.5) of A} and A}%.

Remark. If Y = C, the complex numbers, then the corresponding version of
part (3) clearly follows without the use of Theorem 2.7. This fact will be
important in the proof of Theorem 2.7 itself below.

Corollary 2.3.1. The functors (1), (2), (3) of Definition 2.4 are well defined for any
Junctor K: By — M, satisfying the conditions of Theorems 2.2 and 2.3.

Proof. To establish Corollary 2.3.1 it is only necessary to show that the
definitions of mappings in Definition 2.1 define mappings from AK(X) to
AK(X) and similarly for other functors. For (2) and (3) this is clear from
Theorem 2.2 alone; for (1) this is clear from Theorem 2.3(2) combined with
Theorem 2.2.

It should be especially noted in the case of Theorem 2.3 that on the category
B, the mappings of (1), (2), (3) are not natural mappings. This is easy to see;
general linear operators a € [X, Y] will not commute with any of A, A, or 7.

However a category may be described on which the mappings A, A, and 7 of
Theorem 2.3 will be natural. Let =iy be the category of all X € =M, such that
X € B, also as a Banach space; the mappings of =M, will again be the set of all
module homomorphisms a € [X, Y]. In the category <M the mappings A, A, T
of Theorem 2.3 will all be natural.

Theorem 2.4. Let T" be a toroidal group, B the category of Banach spaces, and
L* the L® functor on <My. Then for any norm subfunctor K of L satisfying the
conditions of Theorems 2.2 and 2.3, all statements (1), (2), (3) of Theorem 2.3 hold
Jor the functors K, AK, AK, and all mappings are natural.

Proof. Since as a class of Banach spaces My C B,, all statements of Theorem
2.3 hold for every X € =My. I will prove here only that the mapping A: K — AK
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is natural; the other cases are quite similar. To see that A is natural, observe that
forevery X, Y € Mg, and a € [X, Y], a commutes with translation since X and
Y are modules over M,. Furthermore it will be sufficient to show naturalness only
for L since K is a norm subfunctor of L®. Let X, Y € oM, a € [X, Y], and
A € L*(X). To show that A: K — AK is natural, I must show that the diagram

AX
L~ — AL"(D)
(2.16) L@ l lAyL“(a)Ax

L) -2t A=)
commutes, and hence that Ay L® (@)X = Ay L (a)A}A = Ay L®(a)AxA.
Since A € L*(X), A € D,,(B). Foreveryp ® ¢y € CX ® C° = C3,
L*(@)AxMe @ ¥) = L°(@MAp ® ¥) = Mlce @ a0 Ap ®Y)) = I

Since a is a convolution operator, « commutes with translation. Therefore

1
lee ® a(Ap®Y) = lex @ al =——5 | 6, @ 6_,(p ® Y)dt
@.17) ((2") J )

1
= & [6,©6.(0® ay)dt = A(icr ® a)(p ® ).
By (2.17) it then follows that

I = MA(lce ® a)(p @ ¥)) = L*(@)A(Ap ® ¥) = Ay L™ (a)A(p ® ¥)

so that L®(a)AxA = Ay L®(a)\ for every A € L*(X) and a € [X, Y]. Hence
Ay L ()N = Ay L2 (a)A2A = Ay L2 (a)AxA = AL (a)A = AyL®(a)A  which
shows the commutativity of the diagram (2.16).

In the applications of Theorem 2.3 I shall often deal with spaces of the forms
K(X)or K(X ® Y)where X € B, Y € B, and K is a translation invariant norm
subfunctor of L®. The next theorem will frequently be useful in providing
alternative descriptions of such spaces.

Definition 2.6. Let u: R* — R* be a positive nonincreasing function contin-
uous on the left, and suppose that L” is the L functor on the category B. Define

cr0) = { & £20) | sup WO, = Nimery < 20,

Nlerery = IMlzoxy + S‘}P #s) A, = Allgoxys
CHa)\ = L2 (a)A.
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It is clear that for every p, C* is a norm subfunctor of L*. A functor of the
type of Definition 2.6 shall be referred to as a continuity functor.

Theorem 2.5. Let T" be a toroidal group, L the L™ functor on the category B,
over T". Then:

(1) For every continuity function p.and X € By, AC*(X) € AC(X).

(2) For every X € By, AC(X) € X © AL*(X) = W(X), where each space is
a closed subspace of the following space.

(3) Forevery X € ByandY € B, ALI’(X® Y) = AL°(X)Q®Y.

Proof. (1) follows immediately from the definitions of A, C, and C*. I shall
prove (2) from which (3) will also follow immediately.

I shall first show that AC(X) C X. Since X € By, X is harmonically invariant.
Hence there exists a norming subspace V(X*) of X*, V(X*) = cly.C¥ ® B*.
Suppose A € AC(X). Then by Theorem 2.3, #(A) € C(X). Since X C D,(B) for
some Banach space B, by Theorem 2.3 again and the definition of the mapping
7, forevery f € I! and ¢ € C¥ ® B*,

@18) WP = WS89 = (A [o0dry = ([ Aoy

where the integral in (2.18) is taken in the weak®* sense in W(X) = V(X*)*.
Hence 7A)(f) = S A f(9)dt.

By the Dunford-Pettis theorem [10, VI, 8.6}, there exists a unique W{(X)-valued
function 7(A), such that

1N = [ 1N (1) de.

Hence 7(A)o(f) = A, a.e. Furthermore [[r(\)llcwy = supslAllwexy = [Alwx)
where the last equality holds because of the translation invariance of the W(X)
norm. Since 7(A) € C(X), A, is a continuous W(X)-valued function of s. Let p;
be an approximate identity in L' consisting of trigonometric polynomials. Then
since A, is a continuous function of # and X is a closed subspace of W(X) (by the
Definition 1.18 of harmonic invariance) it follows that T(A\)(p) = A, p () dt
converges strongly in W(X) to . However for every e, and y € V(X*),

<y, f ?\,e,,,(t)dt> = < f wee,(d) dt,)\>

= (Jmem Ay = {y,Mm)ep .

Since X is harmonically invariant, A(m)e,, € X for every m; therefore 7(\)(p;)
= (A p()dt € X for every p,. Since X is closed it follows that A € X and thus
AC(X) C X.

I shall now show that W(X) = AL*(X). Since X is a closed subspace of
W(X), (2) will follow. Suppose then thatA € W(X) = V(X*)*. Then the weak*
integral 7(A\)(f) = S A, f(f)dt exists in W(X). 7(A) therefore defines a continuous

(2.19)
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function 7(A): L' = W(X) for every A € W(X). Let f € L. Then there exists a
sequence of trigonometric polynomials {p,), p, = f in L'. Furthermore, by
(2.19), A)(px) = S A p()dt € X for every k. Since p = f in L', 7(A)(p,)
= 7(A)(f) and therefore 7(A)(f) € X for every f € L'. Hence 7(A): L' = X and
A € AL*(X) forevery A € W(X). Thus W(X) C L°(X).

To show that AL®(X) C W(X), I shall first prove a lemma.

Lemma 25.1. Let f be a complex-valued measurable function of T". Then the
function f(x,y) = f(x + y) for (x,y) € T is a measurable function on T?.

Proof. Clearly the case of complex-valued functions may be reduced to that of
real-valued functions; I shall suppose f has real values. f is measurable if and only
if {x | f(x) > a} is measurable for every a. Let E, = {x | f(x) > a} and consider
theset £, = {(x,y) | f(x + y) > a}. (x,) € Eiff (x,y) € U,er(x, E, — x). Let
S: T? — T2 be the group homomorphism defined by

[(', :][x,y] =[xz 451

Then S[E] = S(U,(x,E, — x)) = U,(x,E,) = E, X T". Let u be the ordinary
measure on 72" and pg the measure on 72" induced by S~! from T'2*, Since Haar
measure is unique and E, X T" is measurable, it follows that F = S-1(E, X T")
is measurable and hence f is measurable.

To show that AL®(X) C W(X), let A be a distribution, A € AL*(X). Then
A) € L*(X) = [}, X]. Let (b ) be a C*™ approximate identity in L' and define
a distribution n in D,(B**) by

(220) (6 © b*w) = lim ($ © b% 1) (he))-

I shall show that (2.20) defines a linear functional on V(X*) = cly.Cy¥ ® B*
and hence an element of W(X). Observe first that 7(A)(k;) defines a uniformly
bounded sequence of elements of X since ||, || = 1 Vk and 7(A) is a continuous
mapping 7(A): ! = X. Furthermore by Definition 2.1 of the mapping 7 it follows
that for every ¢ and b*,

(¢ @ b*, 7N () = iy @ ¢ @ b*,7(N))
= (b * ¢) ® b*,X) = {3 ® b*,\).

Since Cy ® B* is strongly dense in V(X*) it follows that (2.20) defines a
continuous linear functional on ¥(X*) and hence a member of W(X). To show
that w = A it is only necessary to observe that since A: Cso — C,

(@ @ b*7(w)()y = (Ao ® ¥) ® b*,w)
= (Alp ®Y) ® b*A) = {p ® b*,7TAW)).



38 THOMAS DONALDSON

Since C? is dense in L' and 7 is a monomorphism it follows that A = w. Hence
AL®(X) C W(X). By the previous argument, W(X) C AL*(X) and thus
equality holds.

To show part (3), observe first that for every X € B, and v € V(X*), the
translation operator 6,v defines a strongly continuous mapping from T” to
V(X*). Hence it follows that, for every A € X, {y,8,A) = (6_,v,A) is a
continuous function of s for every A € X, and thus §,A is a weakly measurable
function of s. Therefore the weak integral #A)(f) = f A, f(s)ds is a well-defined
weak* integral for every f € L, and for every A € W(X) = AL*(X) will define
a mapping 7(A\): L' - W(X).

Let ¢, ¢ € CP and b* € B*. Then

@ o b W) = (s 5%, [ AUs)ds)

= (¢ *¥) ®b*A) = {$ ® b*, TN W¥)).

Since C2 is dense in L!, (2.21) implies that 7(A) = 7(A).
Now observe that for every Y € B there exists a natural embedding =y o L
C L* o Zy defined by

ix[L®yl(f) = L(f)®y, feL,

and extended by linearity for every element of L*(X) ® Y. Furthermore, for
everyA € Xandy € ¥,

") ©() = (fMf6)ds) 7 = [, ©)16)ds = HA © ().

221

Hence foreveryu € 1 XQ® Y, u =31k @y =1C° f*®n) E(X®Y)
and the reverse. Since X € B, |If.|lx = |Ifllx- Hence, for every u € #(X X Y),

Irulli=ixory = sup inf 35 (A< lyill = inf 2 ILF0 el

2.22)
— inf S (sup l41) Il = Irallmceror
where the inf in (2.22) is taken over all representations u = 3 f* ® y; of u. Thus
the norms of [°(X)® Y and L®(X ® Y) are identical when restricted to
X ®Y = 7(X ® Y). Part (3) is proved.
A stronger theorem may be proved for the category <M.

Theorem 2.6. Let T" be a toroidal group, L* the L™ functor, C the continuity
Junctor, and I the identity functor on the category <My. Then:
(1) For every continuity function ., there exists a natural embedding v,

AC*CAC.
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(2) There exist natural embeddings v, and v,, and an isomorphism « such that
ACCICAL®&= W

where each functor is a closed subfunctor of the following functor.
(3) Forevery Y € B, AL® 0 3, = 3,0 AL*.

Proof. In each case the embeddings and isomorphisms are the identity
mapping. The naturalness of all mappings follows from Theorem 2.4.

The next theorem states the basic fact concerning the functor Ey acting on the
category B,. It was alluded to previously as Proposition 1.7.

Theorem 2.7. Let Y € B. Then Zy: By = B

Proof. It is clear from the definition of B, that if ¥ € X ® Y then by Corollary
4.4.2 below and the action of the functor =y on mappings:

Il * ullxey = inf 3 [lb * xi [l 1yell < llAllllullxer

and X ® Y has translation invariant norm. Therefore X ® Y is a module over M,.
Furthermore since BEy C X it follows also that B® YE, C X ® Y.

I shall now show that C¥ ® [B ® Y]* is a norming subspace of X*.

First observe that if X € By, then X ® Y € =M, To show this, I must show
that X ® Y is normal. Let {h,) be an approximate identity in L'. Then, for every
x € X,

by xllx = sup Sk, * x) = sup v hy,x) > ||x]|.
veV(X*)lll<1 el <1
Therefore, foreveryu € X ® Y,

lhe * ullxgy = inf 3 (A, * x; |l Iyl = inf 3 [lx, |l Iyl = llullyoy-

Henceif X € By, X ® Y € M,

Letu* € (X ® Y)* and define for every e,, € Exy = Eygy, u* € [B® Y]* by
(ut,b ® y) = {u*,b ® ye). Since B ® Ye,, is continuously contained in X ® Y,
uy, is well defined after extension by linearity. Furthermore u* ® e, € C¥
® [B ® Y]* and, for every e,, € Ey,

U* * enyu) = (U6 * x) = U™ ulen)en)
= Cum, ulen)) = Uy, ® ey, u).

Therefore u* * b € cliyeyy C¥ ® [B® Y]* for every h € L' and u* €
(X ® Y)*. Let ¥} = clyeyy C¥ ® [B ® Y]*. Then

sup <v,u) = sup <{u* *hu) = sup sup u*,h*u)
lloll; <1 lheutlj<1 lalh <t flusll <1

= sup ||k + ull = [lullyey-
lIAly <1
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Thus C¥ ® [B® Y]* is norming and X ® Y € RB,.

CHAPTER 3: APPROXIMATE IDENTITIES OF CONVOLUTION
OPERATORS

In this section I shall give a treatment in terms of category theory of the
convergence of sequence of convolution kernels of types which include among
others the Fourier series and its means. The advantage of the notion of functor
here derives from the fact that the scope of theorems on pointwise convergence
is displayed much more clearly in this setting: the most noteworthy advantage of
such an approach is the demonstration, as mentioned in the introduction, that
the standard proofs of pointwise convergence extend easily to theorems on norm
convergence of the convolution kernels in a very wide class of spaces of
distributions.

All of the results of this chapter will be formulated for the group T' = R/2x7Z.
However it should be observed (see V. Shapiro [39] and H. Shapiro [38]) that
results on convergence and inverse theorems will extend to groups 7.

1. Convergence of sequences of convolution kernels. I shall first define the
functors and mappings of functors in terms of which theorems on convergence
may be stated.

Definition 3.0. Let B be the category of Banach spaces and Z* the set of all
nonnegative integers. Define a functor ¢, on B by

coX) ={{x,>: Z* > X | x, > 0 as n = o0};

the norm on ¢y(X) is defined as [[<x, |, x) = supallxa[lx- The action of ¢, on
mappings a € [X, Y] for X, Y € B is obtained:

(3.0) co(@) ({x,) = {alx,))-

If X is a Banach module over a ring R, co(X) may clearly be considered as a
Banach module over R with module multiplication for every r € [X, X] defined
by (3.0). It is clear also that for every X, co(X) is the space of sequences
{x,> € X such that x, > 0 as n - o0.

Definition 3.1. Let F, F, be Banach space functors £, /,: B—> B, g, a
sequence of natural mappings o,: F — B, and o: f > F, a fixed natural
mapping. Then I shall say g, converges to o if the sequence £ = (Z(n)) defined
for every n € Z* by =(n) = g, — o is a natural mapping =: F; = ¢ b.

The first theorem holds for a very wide class of convolution kernels acting on
the functor C over T'. Let C be the continuity functor over T'. Then clearly C
has a unique natural extension by periodicity to a functor C over the real line R.
In the following I shall consider C(X) interchangeably as a space of continuous
functions on T! and continuous 2#-periodic functions on R.
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For every h € L', complex-valued and integrable over (—o0, 0), let 4, be the
function defined by 4,(x) = nh(nx). Clearly ||4,|l, = |4l and h, € L' for every
n.

Definition 3.2. Let B be the category of Banach spaces and C the periodic
continuity functor on R. Forevery h € L}, X € B, and f € C(X) define

(31) SWn(f) = f o by = [ fx = Onh(mi)

For every h, Sy(h) = (Sx(h),) is clearly a sequence of mappings on C(X). It is
also clear from the representation (3.1) and the fact that convolution is natural,
that S(h) = {E4(h),} is a natural mapping =(h),: C — C for every n.

Theorem 3.0. Let B be the category of Banach spaces and I the identity mapping
on the functor C. Then, for every h € L' such that { hdt = 1, Z(h) converges to I.

Proof. This proof is quite standard; the difference from previous proofs
consists only of the fact that it is done for vector-valued integrals. Let X € B
and f € C(X). Then

() = 1) = [ f(x = Onh(nr)dt ~ f
= _: [f( - %) - f(x)]h(t)dt.

It is then easy to see that =,(h),(f) — I(f) — 0 and thus the theorem is proved.
The following corollary follows immediately by Theorems 2.0 and 2.1.

Corollary 3.0.1. Let B, be the category of Banach distribution spaces on T, C the
continuity functor on B,, I the identity mapping on C, and AC the functor of
Definition 2.1. Then for every h € L' such that (1) h > 0, (2) ||al, = 1, =(h)
converges to I on AC and hence for every X € B, and f € AAC(X), h, * f— fin
X.

Proof. Clearly for every X € B,, AAC(X) is identical to the class of f € X
such that 7f is a continuous X-valued function. Corollary 3.0.1 follows immedi-
ately after restricting =y (h) to AC(X) == AAC(X). To see that h, * f — fin X for
every f € AC(X), observe that, for f € AC(X),

(W (£)0) = (of ) * 1 (0) = [ £ ()t = f + b

Since =y (h,)(f) — f uniformly, it follows that =y (h),(f)(0) = 7f(0) = fin X.
For a more restricted class of kernels it is possible to prove a very much
stronger theorem.
Definition 3.3. Let B be the category of Banach spaces and L' the L' functor
on B over T'. For every x € T! and X € B, define a function p(x,f) from
L'(X) to the set of all x-valued sequences by
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o) =2 [V £~ %) - F@)lya
2 I/n

It is proved in Dunford and Schwartz [10, I11.12.8] that for every f € L}(X)
and almost every x € T, p(x)(f)(n) = 0as n > oo.

I shall now define the main functor in terms of which the next convergence
results may be formulated.

Definition 3.4. Let B be the category of Banach spaces and L' the L' functor
defined on B over the group T'. Let xo € T" and define a functor L} on B by

L,(X) = {f € I'X) | p(x0)(f) € co(X)},
(32) 1A, (X) = filp(X) + lloCxo)lLys
L, (@(£)@) = of ().

L, clearly defines a functor on B. The results on convergence of convolution
kernels will be formulated in terms of natural mappings from the functors L} to
L

Let f: T' — X be an X-valued function defined and Bochner integrable on T*
and define, forn € Z*and x € T,

Sy (b, x0)n(f) = Zx(B)a(f)(x0) = f* hy(xo).

Clearly for every xo, b, f, and n € Z*, Zy(h,xy),(f) is a uniquely defined
element of X; thus Zy(h,x0)(f) = (Zx(h,xo),(f)) defines a sequence in X.
It is now possible to prove the following theorem.

Theorem 3.1. Let B be the category of Banach spaces, let x, € T', and 5, be the
evaluation mapping at x, for the functor L} . Then for every h € L* such that (1) h
is even, (2) f hdt = 1, (3) for some a > 1 and x large h(x) ~ O(x*), =(h,x,)
converges to 8, on L}

Proof. Let ¢, (f,1) = 4f(xo + 1) + 4f(xo — 1) — f(x;). Then
S0 x0)a(f) = f(x0) = [ flx0 = Dha(0)dt = f(xo)
' = [[7 ¢uy(fs (i)
where ¢,o( £,7) is integrable in ¢ since f is periodic in ¢ and the integral (3.3) exists,

h, is uniformly bounded for every n.
Furthermore

(33)

S ettt = [ o, (it + [ 0.,(5, Ot d
= L(nh) + L(n, h).
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Since A is bounded it follows that

0l = || " ousChombmrar]| < Bn [ ., )

= Bp(xo,f ) (n)
where B depends only on A. Again

B(nh) = [ 6, Omhni)de + [ ¢.,(f, Onhlnt)dt
= I(h,n) + I’y(h,n).

Since x*h(x) = 0 as x = o and A is bounded, it follows that A(x) < K/|x|" + 1
and hence nh(nx) < nk/(Inx|* + 1). Therefore

(3.4)

113 < [ o (fs Dlinl )
(3.5)
<L M Dl et < s [ N (DI %

= po-1
Finally let ®(x) = fy° [l6,,(f, O)llxds. Then

sl < ﬁ,‘ 62,0 Dllemhlat)de < =5 [ Yo, (5, 01 2
fA <I>(t) dt

nll‘

(3.6)

nd— ha—

| ()—'l/"

Since ®(x)/x = x~' f" |l (f, )l dt — 0 as x — oo, it follows that [|I5]| - 0
as A — 0 and n stays greater than 1/4. Hence in (3.5) let 4 be so small that (3.6)
is less than ¢; then for n sufficiently large, (3.5) and (3.6) will both be small. To
see that the mapping Zy(h, xo) is uniformly bounded in the norms of L}, observe
that (3.5) and (3.6) are clearly bounded by ||fll + [lo(xo.f)llc,

To show commutativity of diagrams, it is only necessary to observe that
Zx(h,xo)(f) = h, = ffor every n, and by Proposition 1.8 convolution is a natural
mapping. Thus the diagram:

Zy(h, x
1t o =25 0

Ly 0@ l l Co(@

L;O(Y) —W C, (V)

As particular cases Theorem 3.1 includes the (C, «) means and the Abel means
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of the Fourier series of a function f; the computations by which this may be
shown are elementary and well known [45]. As in the case of Theorem 3.0,
Theorem 3.1 also has a corollary obtained from the results of §2.

Corollary 3.1.1. Let B, be the category of Banach distribution spaces on T', L}
the functor of Definition 3.4 at x, = 0 on B,, and &, the evaluation mapping at 0 on
L{. Then for every h € L™ such that (1) h is even, (2) f hdt = 1, (3) h(x) ~ O(x*)
Sor some a > 1 and x large, Z(h,0) converges to 8, and hence for every X € B, and
f € MLY(X), h,sf>finX.

Proof. The proof of Corollary 3.1.1 is the same as that of the previous
corollary. If 7f € AL{(X), then h, » f = h, » 7f(0) = 7f(0) = fin X.

Example. Let u be a Radon-Stieltjes measure on T" and define the space L} of
all p-measurable functions on T' by L} = {f: T' > C| |Iflly < a}. L§(L}) is
therefore equal to the class of all f € L! such that

Il = fr, (fr! lf,l'du) ds < o

and po(f)(n) = r 4, S | £'delds = 0 as n — . By Corollary 3.1.1 it
follows that for every f € L§(L}), o, f — f in the norm of L}, where o7 f is the
sequence of (C, a) Cesiaro means of the Fourier series for the function f. In
particular, p may for instance be a sum of point measures; Corollary 3.1.1 will
then reduce to standard conditions for pointwise convergence.

Corollary 3.1.1 applies to any Banach space X of distributions on 7" regardless
of whether the norm of X is translation invariant. Although there do not seem to
be any results on convergence of approximate identities of the type of (3.2) in
arbitrary Banach function spaces, one problem prominent in the theory of
approximation is similar (though not identical) to that dealt with by Theorem 3.1
and its corollary: the theory of trigonometric interpolation and Jackson polyno-
mials. The Fourier-Lagrange series (see Zygmund [45]) of a function f will define
a best approximation to f in a weighted L? space; Jackson polynomials are the
(C,1) means of the Fourier-Lagrange series. Corollary 3.1.1 may be reformulated
as stating conditions under which the Cesaro means of the Fourier series itself
will converge in a weighted space. In any discussion with respect to the functor
AL} it should be recalled that AAL}(X ) will not necessarily be a closed subspace
of X.

In his book [15], Katznelson gives a proof that the Cesaro means of a Fourier
series on T' converge in norm to f € X for all spaces X of a class he terms
“homogeneous”. Homogeneous spaces are Banach spaces contained in L' and
having norms invariant and continuous under translation; they are essentially the
same as the class of spaces X € B, such that X C I! and AC(X) = X, where
C is the continuity functor. Corollary 3.1.1 therefore implies Katznelson’s result.

Finally it is clear that other theorems on convergence of convolution kernels
or of Fourier series may be generalized in a similar way to the context of
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functors. Both Dini’s theorem and Jordan’s convergence test may both be
generalized to theorems for vector-valued functions; these theorems will then
have corollaries similar to Corollaries 3.0.1 and 3.1.1.

2. Inverse and convergence theorems for Lipschitz functors C’. In the previous
section I have proved that for every A € L' such that { hdt, =(h) — I defines a
natural mapping from C to ¢,C, and therefore that the sequence {(Z(h),(f))
converges to f in C(X) for every f € X and every X € B. These results then
imply results for the functor AC, valid for any A € L' with integral { hdt = 1.

For stronger functors, the Lipschitz functors C” for 0 < r < 1, it is possible
to prove very much stronger theorems than these. Using a striking theorem
recently proved by H. Shapiro [38], I shall prove here an inverse result on the
convergence of f * h, = Z(h),(f). Inverse results of this type are well known in
approximation theory; they state exact conditions both necessary and sufficient
for the convergence of =(h)(f) to f at a given rate. Finally, using a well known
result of Kolmogorov combined with Corollary 4.5.1 from Chapter 4, I shall show
the convergence of the Fourier series of a function for the functor C§. These
results will then lead by Theorem 2.4 to corresponding results for the functor AC”
and thus for all spaces AC’(X) with X € M;.

I shall first define the functors and mappings of functors by which these results
may be stated.

Definition 3.5. Let B be the category of Banach spaces and 0 < r < 1. Define
a functor

cX)={fz2*>X|In"f(lx < K},
Ifllexy = inf{K | [In"f(n)lly < K Vn},
c'(a) = af (n),

for every X € B. Z* denotes the nonnegative integers.

By Theorem 3.0 above, for every h € L' such that { hdt = 1, (h) converges
to the identity mapping on the functor C. Combining Definition 3.2 with
Definition 3.5 it is therefore possible to define

Definition 3.6. Let B be the category of Banach spaces and C the continuity
functor on B over T'. Let h € L' and define, for every X € B,

ChX)={f€ CX)|Zn(f)-f € CX)},
Iflgremxy = N2 Mecaxy + 1fllewys
='C(h,a) = af (x).

The functor Z"C(h) essentially describes for every X € B the class of
f € C(X) such that 2(h),(f) = f = h, goes to f at a rate given by the constant r
in ¢".
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It is now possible to state and prove the inverse theorem.

Theorem 3.2. Let T! be the one-dimensional toroidal group, let 0 < r < 1, and
let B be the category of Banach spaces. Finally let C" be the Lipschitz functor
(Definition 1.10) on T'. Then for every h € L' such that { hdt = 1, there exists a
natural isomorphism

(3.7) srch) £ .

Proof. This theorem follows very easily by the same methods used in the proof
of Corollary 3.1 in H. Shapiro [38]. However it is necessary to explicitly obtain
constants left implicit in Shapiro, in order to prove the naturalness of the
isomorphism i,

Let o be a measure on R'. For every s > 0, define o’ by f f(su)da, = § f(u)dq]
for every f € C. Thus for instance if do = h(v)du where h is integrable,
do® = s~'h(u/s) du. Furthermore for every f € C, let D,(f,s) = ||f * ¢°|L.

A measure o on R! is said to satisfy the Tauberian condition if there exist
points x,, x, such that x; > 0 > x, and 4(x;) # 0, 6(x,) # 0.

Finally let 9M denote the image of M under the Fourier transform on R.

Lemma 3.2.1. Let C be the space of continuous complex-valued functions on Rl,
let 6 and p be measures on R', and suppose that ¢ satisfies the Tauberian condition
and p vanishes in a neighbourhood of 0. Then for every f € C and s > 0, there exist
constants A, B;, and b, 0 < b < 1, independent of f, such that

D(fis) <4 S S D,(f,Bbs).
k=0 j=1

This lemma is Corollary 1.1 to Theorem 1 of H. Shapiro [38]. The basic idea
of the proof stems from the observation that if p and o are measures and there
exists a measure 7 such that p = o # 1, then D,(f,s) < |l |ID,(f;s). The general
case of the theorem (in which the equation p = 6 - # holds only near 0) is
reduced to this case by multiplying ¢ and 6 by a suitable function P with compact
support.

Lemma 3.2.2. Let 6, p be measures on R'. Suppose that

(1) o satisfies the Tauberian condition;

(2) there exists a function P and a neighbourhood N of 0 such that:

(a) P(bx) = b?P(x), for x € N,

(b) P and p/p are both equal to functions in M on N. Then if 0 < r < q and
D,(f,s) < K¢', then D,(f,s) < AK, where A does not depend on the function f.

Proof. First, one may suppose that p is positive homogeneous in a neighbour-
hood N of 0. Let 7 be a measure satisfying the Tauberian condition such that
#(x) = P(x) for x € N. Then if Lemma 3.2.2 holds for D,(f,s), it follows for p
by Lemma 3.2.1. I shall therefore suppose p is homogeneous.
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Let T(x) = p(x) — 27"p(2x) and #(x) = T(x). By assumption p is homoge-
neous; hence T'(x) = 0 in a neighbourhood of 0. Hence by Lemma 3.2.1

(3.8) D,(f,5) < Aos”

where 4, does not depend on f. Since

o) = 5 20y = 3 27m1@ ),

it follows by (3.8) that

D,(f,s) < go 27D, (£,2%) < A4, go 27 min((2"s)', 1).

Since r < g, D,(f,s) < As” where A does not depend on either f or s.

I shall first prove the theorem for the case of scalar-valued functions; it may
then be extended by reducing the vector case to the scalar case through linear
functionals. Let w;(f,5) = Dg,(f,5) = |l foy — 2f, + flk Where B, is the measure
with masses 1, =2, 1 at 0, 1, 2 respectively. B;(x) = (1 — e~'*)* and the function
P(x) = (x)? satisfies the conditions of Lemma 3.2.2.

Let 8 be the measure with unit mass at 0 and suppose that h € L'. do
= d8 — hdx will then define a measure which satisfies the Tauberian condition
6 = 1 — hand A(x) » 0 as x = oo. Therefore the conditions of Lemma 3.2.2 are
satisfied and

(39) If2s = 2 + flbs < AKS

where A4 is independent of f. For 0 < r < 1 it is well known (see, for instance,
Zygmund [43] or Taibleson [41]) that (3.9) implies that ||f, — fll, < AKs'.

To obtain the theorem for the scalar case it is now only necessary to consider
the closed subspace of C consisting of all functions with period 2.

To extend the theorem to the vector-valued case, let X € B and f € C(X),
and suppose that f € Z'C(h, X). Then

If * he = fllexy = IZEWnf = fllewry < Wfllgremxyn™-
Then for every x* € X* such that ||x*|| < 1, and every s € T,
"<x"f_ hy * f>" = SI:pr‘,f(S) - h, ’f(s)>|
S|f=hy* flley < Kn™"
where K = ||fllscq,x) and thus does not depend on x*. Hence

(3.10) <%, fym(8) = FGDI < I1Kx*,fym = fHlbe < AKR
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where A4 is the constant defined by (3.9), and also does not depend on x*. Thus
since (3.10) holds for all x* € X*, || £/, — fllcexy < 4Kn™" and hence ||f, — fllcex)
< AKs™ which implies that f € C"(X) and ||fllcrxy < 4llfllgrcx)

It is clear that if f € C"(X), then f € Z'C(h,X). To establish the isomor-
phism i, of (3.7), let i, x(f) = ffor every X € B and f € Z"C(h,X). Since i x
is the identity mapping on ='C(h, X), i, clearly defines a natural mapping of
functors. The theorem is proved.

By using the properties of the mapping 7 and A, it is possible to obtain the
following corollary.

Corollary 3.2.1. Let T be the one-dimensional toroidal group, let 0 < r < 1 and
let My be the category of normal modules over My in B,. Finally let C" be the
Lipschitz function acting on My over T'. Then for every h € L' such that
S hdt = 1, there exists a natural isomorphism iy,

AS'C(H) Z AC".

Therefore in particular for any X € My, h, * f = f to the order O(n™") if and
only if f € AC'(h, X).

Proof. Let f€ AS'C(h,X) ={fE€ X| b sf-flx < O™} If feE
AZ'C(h,X), 7f € 2'C(h,X) and thus, for some K > 0,

llef = 7(Ba * ey = l1of = by # fllewy < kn™".

Therefore by Theorem 3.2, [|(f ), — 7fllexy < AKs™.
Since, by Remark 2.0, r commutes with translation,

s = fllx = (£ = Plleeey = 1Gf ) = tfllexy < AKs™

and the corollary is proved.

Remark. It should be observed here that in his paper [38], Shapiro suggests the
possibility of a treatment of inverse theorems for a much more general class of
norms than the norms C, C" he treated in [38]. He also proves an inverse theorem
for the Lf norm.

It is clear that the case of either the Cesiro (C, a) means of the Fourier series
of f, or the Abel means, is contained as a special case of Theorem 3.2. For the
Fourier series itself of a function f it is possible to prove a quite strong result for
a subfunctor of the functor C".

Let D be the function defined by D(x) = (sin x)/x, and let D,(x)
= (sin nx)/nx. The function D is not integrable; however for every ¢ € L' and
extended by periodicity to R!:

. N
(3.11) [oD,dt = Jim [ oD,dt
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exists (see Zygmund [45, I1.7]). It is well known that in the wk* sense the integral
(3.11) defines the Dirichlet kernel of the Fourier series, and that f* D,(x)
= 3", f(v)e™ is the Fourier series of .

I shall therefore state

Definition 3.7. Let B be the category of Banach spaces and L' the L' functor
on B over T'. Define, for every X € B, f € L'(X), and integer n,

S(D)(f) = f+ Dy = [ flx = OnDlni)

where D, is the wk* limit defined by the integral (3.11).

The subfunctor C§ of C” must also be defined.

Definition 3.8. Let B be the category of Banach spaces, 0 < r < 1, and let C*
be the Lipschitz functor on B over T'. Define a functor

(.12) Ci(X) = degny(f € C=(X)).

C§(X) is the closure in the norm of C’(X) of the infinitely differentiable X-
valued functions

Iflerxy = Mfllerxy,  Cola)f = C(@)f.

It is clear that Cg defines a closed subfunctor of the functor C".
The following proposition may illuminate some of the significance of the
functor Cg.

Proposition 3.1. Let B be the category of Banach spaces and C’ the Lipschitz
functor on B over T'. For every X € B let T,f = f, be the operator of translation of
fEC (X)bys € T\ Then

M £ = fllerxy = 0 as s > 0 if and only if f € C5(X).

(2) C5(X) = AC o C'(X) for every X € B.

Proof. The second statement is merely a restatement of the first. It will
therefore be sufficient to show the first.

Let ||f, — fllcrry > 0 as s >0 and f € C'(X). Then if (@) is a C®
approximate identity such that supp ¢, C (= 1/k, 1/k),

Vk
e * £ = Flereey < [, 19 1S = fleryde = 0 as k — oo,

and hence f € Cg(X). It is clear that since |l¢, — @llcrx) = 0 as s — O for every
@ € C®(X), the same must hold for every f € C§(X).
The following theorem for the functors Cj may now be shown.

Theorem 3.3. Let B be the category of Banach spaces, 0 < r < 1, and let C§ be
the Lipschitz functor (3.11) of Definition 3.8. Suppose that 1 is the identity mapping
on the functor C§. Then Z(D) converges to I on C;.
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Proof. This proof will follow an observation made by Kolmogorov for I”. Let
X € Band f € C§(X). It will be sufficient to show that the inequality

(3.13) 12(D)aflicrixy = 1D, * fllery < Kllfllery
holds for every X € Band f € C’(X) with a constant K independent of X. The
theorem will then follow from the observation that
ID, * f = fllerxy = IZ(D)nf = fllerxy =0 asn— o0
for every f € C*(X).
Let H denote the Hilbert transform

Hj(s) = lim [ f@cos }s = Dat.

It is well known that H defines a distribution with Fourier transform A(n)
= sgnn Vn € Z, and furthermore H: C" — C" where C” is the Lipschitz space.
Therefore by Corollary 4.4.1 below it follows that H defines a natural mapping
of the Lipschitz functor H: C" — C".

Let X € Band f € C’(X). Define f. y(s) = e**M*f(s). Then
619 H » fy(s) = —iZ sgn nf(n — N)e™,

' H» f4(5) = —iZ sgn nf(n + N)em,

and therefore
2(D)af(s) = D, * f(5)
= (i/2)[e™™[H * fy(s)] = €™[H » L4 ()] — F(N )™ - f(—N)e M=,

Inequality (3.13) therefore follows at once from the representation (3.14) and
the fact that H is a natural mapping from C’ to C". The theorem is proved.
Theorem 3.3 has a corollary which follows immediately from Theorem 2.4.

Corollary 3.3.1. Let My be the category of normal Banach modules in By, over
My, let 0 < r < 1, and let Cg be the Lipschitz functor on M. Let I be the identity
mapping on C§. Then (D) converges to I on AC{. Therefore in particular for every
X € My, D, » f = fin AC{(X) for every f € AC{(X).

Proof. Let f € AC{(X) and X € oM, Then 7f € C5(X). By Theorem 2.4,
D, * 1f is in C{(X). By Remark 2.0.1,  commutes with convolution. Hence
D, » 1f = 7(D, » f) and therefore

D, * £ = fliaczory = I7(Da * f = Hlicgeey = 1D * 7f = fllcgxy = 0

as n — o0, and the corollary is proved.
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In [15), Katznelson proves a theorem which I shall state here for comparison
with Corollary 3.3.1.

Theorem 3.4 (Katznelson). Let X be a homogeneous Banach space and H the
Hilbert transform. Then H: X — X if and only if the Fourier series D, * f of f
converges to f in the X-norm for every f € X.

Theorem 3.4 may be reformulated to the following.

Theorem 3.4A. Let My, be the algebra formed by adjoining the Hilbert transform
Hto My Let X € Myand AC(X) = X. Then X is a module over My if and only
if D, * f— fin X for every f € X.

Corollary 4.4.1 would seem to add particular interest to Katznelson’s result in
that it provides a means of obtaining a very large number of spaces X with the
properties he describes.

CHAPTER 4: TENSOR CONVOLUTION MULTIPLIERS

In this chapter I shall give a complete characterization of the tensor multipliers
Homg[F, F] for the tensor multipliers generated by the leading continuity and
boundedness functors L*, C, and C” for 0 < r < 1. These results will then yield
strong inclusion relations for the multipliers on very large classes of Banach
modules. These relationships seem most striking in the case of Calderén-
Zygmund operators, which will be seen to be multipliers on all Banach modules
of the form AC’(X) for X a normal Banach module contained in <.

As mentioned after Definition 1.13, the functor Homg[F, G] is the analogue for
the functors F and G of the Banach spaces [X,Y] of convolution multipliers from
the Banach modules X to Y. Algebras of convolution multipliers have been
extensively studied by many authors in the context of harmonic analysis.

As in the case of the treatment of pointwise convergence given in Chapter 3, I
shall not discuss the question of multipliers for the Hilbert functor L2, I will also
omit a discussion of the I” functors for p # 2. Although I? spaces for
1 <p < o have so far played a very prominent role in the theory of
convolution multipliers, most results relating to them seem to depend on quite
special properties of I spaces of complex-valued functions themselves. On the
other hand the notion of tensor multipliers allows one to deal quite freely with
multipliers H which are themselves vector-valued, acting on vector-valued spaces.
In this way the idea of tensor multipliers allows one to give a unified treatment
of such cases as that of integral operators dependent on a parameter or
themselves having operator values. Several authors [1], [14], [34], have studied
vector-valued (If,I”) multipliers with the intention of developing a unified
treatment of this kind; a quite compact theory is possible for the functor C".

1. General properties of convolution multipliers on Banach modules. In the case
in which the Banach modules consist of distributions taking only complex values,
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it is possible to obtain some strong and useful theorems on the properties and
character of the convolution multipliers. In this section I shall develop the basic
properties of convolution multipliers as operators on Banach modules of
complex-valued distributions on a toroidal group 7.

Let B be the category of Banach spaces, T" a toroidal group, and D, the
Schwartz distribution functor over T” acting on the category B. Let oMy, be the
category of modules by convolution over the ring M, consisting of complex-
valued distributions, and define =M, to be the corresponding category of modules
of Banach space-valued distributions. Finally for every Z € B, define oM,(Z) to
be the category of modules (over M,) of Z-valued distributions. The correspond-
ing class of mappings for oMy(Z) consists of all module homomorphisms [X, Y]
for X, Y € oMy(Z).

Definition 4.0. Let Z € Band H € D,(Z). I shall say that H is a convolution
multiplier from X € My to Y € My(Z) if H defines a continuous module
homomorphism H € [X,Y] by Hf = H = f for every f € X.

Remark. It is an immediate consequence of Schwartz [36, II, Proposition 35]
that the convolution of a complex-valued distribution f and a Banach space-
valued distribution H is uniquely defined.

The following proposition now follows easily.

Proposition 4.0. Let oM, be the category of modules on T" over M, and suppose
Z € B. Then H is a convolution multiplier from X € Mgy to Y € My(Z) if and
only if H € [X,Y]

Proof. The “only if” part of this proposition is clear since it is identical to
Definition 4.0. It therefore remains only to show the second part. If H € [X, Y],
then H commutes with M and therefore commutes with all trigonometric
polynomials p.

LetZy ={m € Z"|3f3 X € f(m) # 0}. Then Zy # &, for if not, then for
every f € X, f*e, = 0 where e,(x) = em® and therefore {f,e™) = 0 for
every m € Z". Since the set of all trigonometric polynomials p is dense in C*,
this implies f = O for every f € X.

Furthermore e, € X for every m € Zy; since X is a module over M,
f*e, =f(me, € X,and if m € Zy, then e, € X.

Since X is a module over M, and e, € X for every m € Zy, H(e,, * e,)
= e, * H(e,) = H(e,) (m)e,, where H(e,) (m) takes values in the Banach
space Z for every m € Z". Furthermore if m & Zy, then for every f € X,
e,* Hf = H(e, » f) = H(0) = 0. Hence é, - (Hf) (m) =0 and therefore
(Hf) (m) = O foreverym & Zyand f € X.

Let

o(m) = (He,,) (m)  for every m € Zy,

=0 otherwise.
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Since H is linear, (Hp)" (m) = ¢(m)p(m) for every m € Z" and every trigono-
metric polynomial p. Furthermore for every f € X and m € Z",

[H(p * )] (m) = p(m) - (Hf)" (m),
[H(p + )" (m) = ¢(m)(p * £)" (m) = ¢(m)p(m) ] (m),

where the second relation follows from the fact that p » f is a trigonometric
polynomial if p is. Hence from (4.0) it follows that for every m € Z", (Hf )" (m)
= ¢(m)f(m).

To show the proposition it only remains to show that ¢ is a tempered sequence,
from which it will follow that ¢ is the Fourier transform of a distribution in D(Z).
To do so, one observes that since H: X — Y continuously, H: X — D(Z).

Suppose that ¢ is not a tempered sequence. Then there exists a sequence
{m> € Z"such that |m,| = co and ¢(m;) > |m,|*. Clearly every m, must be in
Zy by (4.0); hence it follows that the function

(4.0)

)= 3 |m[Hremn
0< IM*I(&

is in X since each em, € X; therefore

I(Hg)" (m)llx = le(mi)gme)lly > lmy /2.

This contradicts the fact that Hg € D(Z) and therefore is tempered.

Remarks. I do not know the origins of this characterization of convolution
multipliers. A very similar theorem, with the class C* taking the place of M,, was
proved by Laurent Schwartz [35]. In its complex-valued form Proposition 4.0
seems to be common knowledge, in that several authors have mentioned its
possibility or referred to it in some way: Rieffel [31], Edwards [11].

The following theorem provides a useful characterization of the class of normal
Banach modules.

Theorem 4.0. Let X be a Banach space of complex-valued distributions on T" and
let My = L' ® Hy Then X is a normal Banach module over M, if and only if X is a
harmonically invariant Banach space. Therefore as classes of Banach spaces My
and By, coincide.

Proof. Suppose first that X is a riormal Banach module over My, = L' & H,.
Then clearly the norm ||-]|y of X is translation invariant, since, for every A € X,
TA = A, = § = A, where §, is the point measure at s, and ||A,|| < ||A|| for every
s € T". Hence ||\, || = |IAll for every s. Since X is a module over ! and e,, € L}
for every exponential e,,, A(m)e,, = A * e,, € X for every m. Hence e,, € X for
every m such that there exists A € X 3 A(m) # 0; therefore by Definition 1.18,
Ex C X. Since X is normal, the norm []Ally = supyy, <, 1A * Ally ~ [[Ally. The
space X* dual to X is also a Banach module over M, by duality. Let
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C ={pEeC”|pre,=0Ve, & Ey},
Ca={peEC®|pre,=0Ve, € Ey},
V = cly.span{h = x* | h € L}, x* € X*}.

Since C?® is dense in I! and C® = C¥ & CR, it follows that Cy * X* is dense
in V. However, for every e,, € Ey and for every x € X,

(em* x*,x) = {x*,x % e,) = {x*,{x,ep),) = {{x*,€y)€n,X).

Since Span Ey is dense in Cy, it follows that Cy is dense in V. Finally Vis a
norming subspace of X*, since X is normal and

sup {v,x) = sup sup <h*x*x) = sup sup {x*,x*h)
lvllys <1 Bl <1 lIx*li<1 llalh <1 lIx*ll<1

= sup |lx * Ally ~ [Ixllx.
Ml <1

Suppose now that X is harmonically invariant and thus X € By. Then by
Theorem 2.3 of Chapter 2, AC(X) C X C AL*(X) = W(X), X is a closed
subspace of W(X), and the norm of W(X) is equivalent to the norm of X. By
Corollary 4.4.1 below, [lh+ xllyx) < llAlhlixlbyx), and k+x € X for every
h € L} and x € X. Since the norm of W(X) is invariant with respect to
translation, and X is invariant with respect to translation, it follows that under
the W(X) norm, X is also a module over H,. It is immediately clear from the
definition of W(X) = V(X*)* that

Ixlwxy = sup <v,x) = sup suplv+ h,x)
flvllys <1 llaly <1 lvllye

= sup sup {v,h+x) = sup [h* xllyy).
llalhy <1 llollys <t llaly <1

Theorem 4.0 states the boundaries of the theory developed in this paper: that
essentially the class of normal Banach modules over M, provides the class of all
those spaces to which the harmonic operations are appropriate. A similar
characterization, though more complex due to the need to include be,, in the
Banach module X for every e, € Ey, may be given for the class of normal
Banach modules of vector-valued distributions.

Examples. It is possible to give several examples and counterexamples to
illustrate the classes described by Theorem 4.0.

Example 1. 4 translation invariant Banach space which is not a module over M.
Let H be the set of finite sums {A = 3" 8,5, # si = k # k’} where the {3, }
are point measures on T". Endow H with the norm

@1 g =S lel.
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Let A be the completion of H under the norm (4.1).

It is clear that A is neither harmonically invariant nor a normal module over
M,, since H contains no exponentials. However A is still invariant under
translation.

It should also be noted here that AC(A') = & while AL*(H) = M, the space
of Radon-Stieltjes measures.

Example 2. A Banach module over L} which is not invariant under translation. Let
L be the space of integrable functions on 7', and Hj the linear manifold of point
measures with the points 0, 7 deleted. Endow Hj with the norm

[Allg, = 2 lowe/sin|xi| for A = a;,.

Finally let X = I! ® H,. Then X is a Banach module over L!, but X is clearly not
invariant under translation.

Example 3. A Banach module over My which is not normal. Let T! be the circle
group R/27Z and Z the dual group of T!(the integers). Let {Z,} be a countable
set of disjoint infinite classes such that Z = U®Z,. For every k, let I, be the
closed ideal in I! such that f € 1, iff f(n) = 0 Vn € Z,.

Define, for every k, L} = L'/, H} = HJI,, where H is the Banach space of
Example 1.

It is clear that L} and Hy correspond to spaces of pseudomeasures such that
filn) = 0 Vn & Z,. Therefore L, and H! may be identified with spaces of
distributions. Furthermore since # N L' = {0} it follows easily that as spaces of
distributions L, N H! = {0} for every k.

Let X, be the class of all finite linear combinations X, = {3 a, D*f,,f, € L}}
where D* is the kth distributional derivative of f,.

X, may be endowed with the norm

N
4.2) II?\"xo = inf 3 log| Il felh

where the inf in (4.2) is taken with respect to all finite sums such that
A = 3% o, D¥f,. Let X, be the completion of X, under the norm (4.2).

Let H, be the class of all finite linear combinations H, = {3V a, D*p, | s
€ H,}. H, may be endowed with the norm

N
[Allg, = inf Z | [2%(|pee llg

where again the inf is taken over all sums such that A = 3V o, D¥p,.

It is clear that for every k, D¥H, N D*L} = {0} since if D*y, = D*f, it
follows that g, = f, + g (where g € L'). This is impossible since H, N L} = {0}.
Hence it follows that A, N X, = {0}.

Therefore one may define X = A' ® X,
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It is clear that X has norm invariant with respect to translation since both the
norms of A" and X, are invariant under translation. Furthermore it is clear that
foreveryh € L' and A € H,

N N
heX =23 ophs Dy = X oy D*(h+ 1) € X

since A » p, € L} for every h € L'. Furthermore

N N
I Alg, < ind S o 1+ el < inf (Tl g u.)uhn.

N
< (inf 2 IakIZ*IInkIIn)IIhII. = [[ll, liAlh -

Since clearly 4 *+ A € X, for every A € X,, it follows that X = A’ ® X, is a
Banach module over M,.

However X is not normal. Let {i, ) be the sequence of pseudomeasures defined
by

fu(n) = 8(n)  forn € Z,
() =0 forn #+ Z,.

Consider the sequence (D*y, > in H'. It is then easy to see that
ID*wlly = sup |k * D*wlly = llpelh
llalh <1

while [|D*p[lx = 2%[|w | by (4.2).

Hence the norms ||-||x and |||l are clearly not equivalent.

By the uses of methods developed by Rieffel in [30] and [31], it is also possible
to characterize the spaces of convolution multipliers [X,Y] for a large class of
Banach modules X, Y € =My The following theorem is fundamental to such a
characterization.

Theorem 4.1 (Rieffel [30]). Let X and Y be Banach modules over a ring R. Then
there exists an isometric isomorphism

@3) (X, Y*] = (X @ Y)".

Theorem 4.1 is not difficult to prove; it follows easily from Definition 1.1.
Grothendieck observed long ago in [13] that (4.3) could be used to characterize
the space of linear operators from X to Y* when R is the ring of real or complex
numbers. The possibility of using (4.3) to characterize general module homomor-
phisms seems to have first been observed by Rieffel [30]. In [31], Rieffel employs
this theorem together with methods developed by Figa-Talamanca and Gaudry
[12] to obtain a characterization as a concrete function space of the space of
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multipliers (I?, L?) over a locally compact group G. A generalization of his
method to arbitrary Banach spaces of functions allows one to prove Theorem 4.2
below.

Let T" be a toroidal group and M, the category of Banach modules over M,
of complex-valued measures on T, such that the translation operator §, f forms
a continuous map from 7" to X for every x € T" and f € X.

It is clear that if X € M, and f € X, then f may be approximated by a C®
function in X; for if {g,> C M, is a C* approximate identity, the continuity of
translations in X implies that ¢, * f — f. It therefore follows that X* is a space
of distributions in D for every X € M,.

It is furthermore clear that if fis in L' for every f € X, then X is embedded
continuously in M,.

Definition 4.1. For every X, Y € oM, let B denote the linear operator
B: X ® Y* - D, defined by B(f® g) = f + gforevery f € Xandg € Y* and
uniquely defined on all of X ®,, Y* by linearity. Let A(X, Y) denote the range of
B, endowed with the induced norm from X ® Y*.

Clearly A(X,Y) becomes a Banach space under the given norm; clearly
A(X, Y) will consist of exactly those distributions A which may be written in at
least one way as h = 3” f; + g; with f; € X and g; € Y* for every i.

It is now possible to prove the following general representation theorem.

Theorem 4.2, Let T" be a toroidal group and X, Y € =M.. Then there exists an
isometric isomorphism X @y, Y* = A(X,Y).

Proof. Let K be the closed subspace of X ® Y* spanned by elements of the
form (u*f)@®g—f@ ([ *g), where p € M, fE X, and g € Y* It will be
sufficient, to show the theorem, to show that the kernel of B is exactly k.

It is first clear that K C ker B, since

Blu*f)®g)=(@*f)"+g=F+(@+g)=B(f®@*2)).

To show the converse, let # € ker B; it must be shown that » € K. Let
h=3"f®g be an expansion for A € X ® Y*. Since h € ker B, B(h) =
S fi * g = 0, where the sum converges absolutely in the norm of A(X, Y).

I shall now construct a sequence {¢;, of C* functions such that {¢;) acts as
an approximate identity on the space X. Let {¢, ) be an approximate identity in
M, consisting of linear combinations X, <x @mem = @ for every k. Let Zy
={m € Z"|3f € X 3 f(m) # 0}, and define a sequence of distributions {5, >
such that :

§.(m) =1 forallm € Zy> |m|, < k,
(4.9)

5,(m) =0  otherwise.

Finally define ¢y = ¢, * 8. ¢ is clearly well defined in the sense of distributions
for every k; furthermore for every f € X, @ * f = ¢, * 8, * f = ¢ * f by the
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construction (4.4) for &, and the definition of @, = 3, <x &mem Hence g * f
— fin the strong topology of X.

For each k, define by € X ® Y*by h, = 32, (f; * %) ® g

Since f; * ¢; — f; for every i and h converges absolutely, it follows that , — h.
Since K is closed it will be sufficient to show that 4, € K for every integer k.

Since 3 f; * §; = 0, for every k and € > 0, there exists m, such that, for every
m > my,

4.5) 2 fir g.-" < %IIwLIIx-
i=1 AX,Y)

Again since k — h, there exists m; such that, for m > m,,

-2+ 9 ®g

€
(4.6) < 2

One may now observe that

SUeo)es=Swe(frsg)

@7) + 3 v o) @2 — 0 ® (i + 2)]

= hf + K.

Clearly b5 € K since ¢}, € X for every k. However if m > my, then

IY‘.

Since X C M, for every X € oM, f; € M,; since Y is a Banach module over M,
and convolution is commutative, it therefore follows that Y* is a Banach module
over M, by duality. It therefore follows that there exists a constant K such that
for every m

gfi * 8

See *gi)‘

= llgillx

Iy' < K"Eﬂ *g;

4.8) "E firs
AX,Y)

and therefore | =" ¢} ® (fi * g)ll < llgkllxIZ" f; » &ills < &/2 where the last
inequality follows from (4.5). Combining (4.5) with (4.8) it follows that |||
< ¢&/2. Since ¢ is arbitrary it follows from (4.7) that 4 € K.

It follows from Theorem 4.2 that if X and Y are Banach modules over M in
the category <M., then [X, Y**] = (X ®,, Y*)*. However it is also true that if X,
Y € M, then [X, Y] = [X, Y**].

Proposition 4.1. Let X and Y be Banach modules in the category <M. Then
[x,Y] = [X, Y**].
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Proof. Clearly [X, Y] C [X, Y**). To show the contrary, let H € [X,Y**]. It
will clearly be sufficient to show that if p is a trigonometric polynomial then
Hp € Y. It will then follow since the trigonometric polynomials are dense in X,
that H: X - Y.

Lemma 4.1.1. Let H € [X, Y**] where X and Y are in the category -M_; suppose
that p is a trigonometric polynomial. Then H: X — L' and H is a convolution
multiplier.

Proof. If Y is a Banach space in L' it follows that Y** C (LI})** = (L*)*.

Let f € L* and p € (L®)* = (I})**. (L®)* is the class of additive Borel
measures, not necessarily regular, on 7" Define a convolution of f € L* and
B € (L°)* by

(49) Fru®) = Fowd = [f(x - Dy,

where f(¢) = f(~f). Clearly f * p is measurable and well defined as a bilinear
mapping from L® X (L*)* to L*.

I shall show that this convolution product may be extended to a bilinear
mapping from L' X (L*)* to (I°)*. Letg € [, f € L®, and p € (L?)*. Then

@10)  <gfrw =<g*fw < IFlhllglo ke = £ lglko llsll-
Therefore for all f € L® and p € (L°)*

(CRY) If * sllemy < Nflhlisllgeye -

Since L™ is dense in L', the convolution defined by (4.10) is well defined as a
bilinear operator from L' X (L*)* to (L*)*, and hence as a bilinear operator from
L' X (L)** to (L')**.

Let p be a trigonometric polynomial in X and p = Hp. Since H commutes with
M,, H commutes with translations; it therefore follows that ||(u, — p)/x|lyee is
bounded as x — 0, and hence that [|(s, — p)/xl|p) is bounded since Y**
c( L‘)".

Let {g) be an approximate identity of norm 1 in L!, such that ¢, € L® for
every k. By the inequality (4.11) and the fact that [|u, — pllpyye < ¢ - x, it follows
that H(p, *p) = ¢, * Hp > Hp as k — oo in the strong (Z')** norm. But
since @, € L®, (4.11) implies that @, * Hp € L* C L' for every k. Since L' is
closed in (L')**, it follows that Hp € L'. Since the trigonometric polynomials are
dense in X, it follows that H: X — L', and by Proposition 4.0 that H is a
convolution multiplier.

The second lemma will complete the proof of Proposition 4.1.

Lemma 4.1.2. Let H, X, and Y be as in the statement of Lemma 4.1.1 and let p
be a trigonometric polynomial. Then Hp € Y.
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Proof.Let Zyoe ={m € 2" |Af € Y* N I'Df(m) £ 0}, Zy={me Z2"|
3af € Y3 f(m) # 0}. Clearly Z; C Zyue. I shall show that Zyes = Z;. Since H
is a convolution multiplier by Lemma 4.1.1 it will follow that Hp € Y for every
trigonometric polynomial p.

Let y** € Y**. Then y** defines a linear functional on Y*. Since the
trigonometric polynomials are dense in Y, every y* € Y* may be identified with
the equivalence class

(4.12) J'(,V‘) = {)\ €D I ;‘(m) = <)\,e,,,> = <y‘9em> Vm € ZY}'

Since j is a projection it follows that j* is an injection; hence for every y** and y*

4.13) i) = Gyt = .

Suppose that my € Zyes — Zy. Then e, € Y** and therefore {e,,,y*)
= {em,»j(y*)) for every y* € Y*. Hence by (4.11), {en,,en> = 0, for every
m & Zy, and therefore {en,,e,,» = 0. This is a contradiction; hence Zy.. = Zy
and the lemma is proved.

From Lemma 4.1.1 it follows easily that H: X — Y, since the polynomials p
are dense in X.

Using Theorems 4.1 and 4.2, and Proposition 4.1 the next theorem may be
easily obtained.

Theorem 4.3. Let T" be a toroidal group and X, Y € =My, Then there exists an
isometric isomorphism [X, Y] = A(X, Y*)*.

2. Tensor multiplier problems for Banach module functors. In this section I shall
discuss the tensor multiplier functors for L*, C, and C".

I shall first discuss the tensor multiplier functors Homg[C,C] and
Homg[L®,L*]. As in the case of complex-valued convolution multipliers [C, C]
and [L®,L”] it is possible to obtain a complete characterization of the tensor
multiplier functors.

Theorem 4.4. Let B be the category of Banach spaces and T" a toroidal group.
Let M be the measure functor on T", C the continuity functor, and L the L* functor
from B to M. Then

M = Homg|C, C] = Homg[L*, L?].

Proof. I shall prove the theorem by showing successively that
M = Homg[C,C] and M = Homg[L”, "]
For the first part, I shall first prove a lemma.

Lemma 4.4.1. Let B be the category of Banach spaces and T" a toroidal group.
Let C be the continuity functor on B and T", and DC the dual functor to C. Then
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there exists an isometric isomorphism M =' DC given by

(4.14) W) (f) = [£() ® dy
forevery X € B,f € C(X),and p € M(Y).

Proof. Lemma 4.4.1 is proved in less general form by Mityagin and Svarc in
[24). The proof given here is an adaptation of their proof.

In [13, Proposition 32, pp. 152-153], Grothendieck proves the following
equivalence. Let E and F be Banach spaces and A4 a linear operator 4: E — F.
Then the statement (1) below holds if and only if (2) holds.

(1) There exists a constant M < oo such that for every collection of elements
{ek}ll:v-l <E

N
2 e

N
S eyl < Msup{ &)< 1k = 1,...,N}.

E

(2) For every unconditionally convergent series 3 ¢, in E, the series 3 Ae;
converges absolutely.

For the case of operators »: C — Y, the first condition is just the condition that
A e M(®Y)

Now let Y € B and a € DC(Y) = [C,Zy], and let » be the mapping
v: DC - Q given by vy(a) = ac VY € B. Then vy(a) = ac defines an opera-
tor ac: C = Y. To show that ac € M(Y), let 3 g, be an unconditionally
convergent series in C. Let y, = ac(g:), and define a sequence {y%) C Y* such
that [|y%]l = 1 and Ky%. 20! = Iyl

Since the series 2~ £, g, converges in C for any set of numbers {£} with
|&| < 1, and the sums are uniformly bounded, 3* |g,| < B < oo uniformly for
every N and . Hence the sequence of functions {(Gy) defined by

N
Gy = Z gyt forr e T"

is uniformly bounded.

For every N, 3" g, - y% is contained in the image of the mapping iy.:
C ® Y* = C(Y*). Therefore it follows by Proposition 1.4 that a,(Gy) =
¥ ac(g) ® Y% = Z" % ® yi. Therefore

wisy ol = 2l = Z Gt < oGl
< llay-[HIGullersy < llallner) - B-

Hence vy(a) = ac € M(Y).

To show that the mapping »y is onto, let ay € M(Y) and define an operator
ay: C(X) > Y ® X as follows: let f € C(X). Since f: T" — X is a continuous
function on the compact space T", for every ¢ > 0 there exists
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(1) a finite covering of T™ by open sets (U }Y_,,
(2) a partition of unity {p,} subordinate to {U},,
(3)elements x, € X, k=1,..., N,

such that
N
(4.16) l|f— 2 Xi Pr < E.
&)
Define
N N

4.17) ax(z xk‘Pk) = 3 ag(px) ® x;.
Since ay € M(Y), it follows that (see Definition 1.8)

N N

S @l < laluery 560 || ]| = louer

lal<t c
and
N N

@18)  [lar(S 50 || < 2 Noatol Il < Wewnlalur

Since, by (4.18), ay is a continuous operator ay: C(X) = Y ® X, ay may be
extended by continuity to the whole space C(X).

It is clear from the representation (4.17) that vy(a) = ac = aq.

To show that the mapping »: DC — M is an isometry, observe that, by (4.15),
lallarery < llallncry and, by (4.18), llallae(ry < llallpyy To show that the map-
ping »: DC — M is natural, observe that the mapping »: DC - M* = Q. is
natural since the diagram

[C, Zy] —X [C, Y]
fDC(a)l lnc(a)

[C, 2,1 —% [C, 2]

commutes; vz DC(@)(Ay) = vz o (a ® 1y) o Ay = ¢ o Ac = Qz(a)ry(Ay). Hence
v: DC — M is also natural since M is a norm subfunctor of M*.

To obtain the representation (4.14) it is only necessary to define i = »~!. The
representation (4.14) then follows from the Dunford-Schwartz representation
theorem (Lemma 1.0).

It is now possible to proceed with the proof of Theorem 4.4.

To prove that Homg[C,C] == M, let h € Homg[C, C]. Then for every X and
Yin B, and f € C(X), hx(f) € C(Y ® X). Let f(t) = f(~1). Then for t = 0,
hy(f)(0) € Y ® X = Z,(X). The mapping
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(4.19) 83 (he(f)) = hx(f)(0)

therefore defines a monomorphism 8} : Homg[C,C](Y) = DC(Y) and hence
every h € Homg[C, C](Y) defines a mapping §,(h) € DC(Y) == M(Y). Con-
versely, let p € M(Y) and define a mapping 7y: M(Y) — Homg[C, C](Y) by

(420) w(w)()6) = [f,® du

for every X € B and f € C(X). Since p € M(Y) = DC(Y), by the isomor-
phism of Lemma 4.4.1 it follows at once that

7 () (f )"c(xoy) = SI:P"TY(H)(f )$)llxey < Sl:P

ff,®dn

< sup|im ()l IFlx = el - 1 flleeey-

Since C: B — M, it follows that the homomorphism Ay € [C(X),C(Y ® X)]
commutes with translations for every X.

Let iy be the isomorphism (4.14) and let p, x) = iy © 6§ (hy) for hy € [C(X),
C(Y ® X)). Since C: B — M, it follows that the homomorphism Ay commutes
with translations for every X. Hence

he(F)6) = & U (FL) = B (x(£)) = [ £, ® disgx)-

Therefore 7y and 8} are inverses.

To see that the map 7 defined by 7, in (4.20) for every Y defines an
isomorphism 7: M = Homg[C, C), it is now only necessary to show that the
diagram

XeY

M(Y) ——TY—» Homg[C, C](Y)

M@ l l Homy[C, C1(e)

M(Z) —;-Z_’ HomQ[C, C](Z)

commutes; this follows at once since for every X € B, f€ C(X), h €
Homg[C,C], and a € [V, Z],

Homo[C, Cl(o)n (1)(f) = C(lx ® a) [ f, ® du
= [}, ® ads = 5(M(@p)(f).

I shall now show that Homg[L®, [*] == M.
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Define a mapping o: Homg[L?, L*] — Homg|[C, C] by ay(hx) = hy |cx) the
restriction of A to the functor C. o defines a homomorphism, since if A
€ Homg[L®, 7],

ax (s = leexory < NAIIE = fllmee)

for every translation f, of f for s € T". Hence for every f € C(X), hx(f)
€ C(X ® Y). Since C is a subfunctor of L it is clear that ¢: Homg[L®, [*]
— Homg|[C, C] is a natural mapping.

To show that o is a monomorphism, suppose first that oy(hc)(f) = hc(f) = 0
for every continuous f € C. By Proposition 4.0, Ac(f) = hy * f for some Y-
valued distribution hy; since hc(f) = O for every continuous f, kg is trivial.
Therefore h¢ is trivial.

Suppose that hc is trivial; then to show that Ay is trivial for every X € B,
observe that h is a natural mapping A € [L*, [*=,]. Therefore the diagram

L™(a)
—— LX)

(4.21) he l hy
L“(a ®1 Y)
L) —— 51X oY)

commutes for all a: C > X and X, Y € B. Let A € L*(X) and A, be the
Fourier transform of A at m. Then since & is a module homomorphism over M,

hx(A) *ly = hx(}\ * em) = hx(;‘mem)'
Let k(A,): C = X be the mapping defined by K(A,,)(1) = A,. Then by the
commutativity of the diagram (4.21) and the fact that h¢ is trivial
hy(mem) = Ay ® hclen) = 0

for every m. Hence hy()) * e,, = O for every m. Therefore hy is trivial.
Define a mapping y: Homg[L®, [*] — M by

(4.22) Yr(h) =iy o Y o oy(h)

where iy is the isomorphism given by (4.14), 8" is the isomorphism defined by
(4.19) and oy is the isomorphism defined above. Since y is the composition of
natural mappings, y must itself be a natural mapping. It therefore remains only
to show that the mapping vy is onto.

This will be done and the theorem completed in a lemma:

Lemma 4.4.2. Let y: Homg[L*,[®] — M be defined by (4.22). Then v is onto all
of M.
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Proof. Let Y € B and p € M(Y). Consider the operator M;: C — Y defined
by M((g) = S f f,dulg(s)ds. M; is well defined for every f € L' and g € C.
Furthermore since p * f = f f,dp is continuous in f, it follows that

mis) = [ [ [1.u]s0rs = [ [1.60as] an.

Since M;: C — Y, by Lemma 1.0 of Chapter 1 it follows that

(4.23) e * flseery < Nellagery ANl

To show from (4.23) that p » f € L}(Y), it is sufficient to observe that by
Proposition 1.0 above, L' is a closed subfunctor of M, and since f € L', u * f may
clearly be obtained as the limit in M(Y) of a sequence of integrable functions.
Hence

(4.29) e * oy < el 1A Ne-

Now recall that by Definition 1.7, [L*,X]. To obtain a homomorphism
it € Homg[L®, L*](Y), define for every A € [®*(X)and X € B

(4.25) BV =Aepp) =A®ly)oy(psp) Voel

where Jy: L'(Y) = L' ® Y is the isomorphism of Theorem 1.3, Chapter 1.

By (4.24), ¢ * u defines a homomorphism from L' to ' (Y). By Grothendieck’s
theorem, Theorem 1.3, Jy: L!(Y) == L' ® Y. Therefore (A ® 1y) o J, defines a
continuous linear mapping from I}(Y) to X'® Y. Since the Y-valued measure g
commutes with any complex-valued measure 6 € M, it follows that the mapping
fi: L*(X) = L*(X ® Y) defined by (4.25) is a module homomorphism.

To show that y is an onto it will be enough to show that the operator ji defined
by (4.25) yields the measure p = y(ji) under the homomorphism y.

Since y = i, o 8] o o,, where ¢ restricts h € Homg[L*, L*] to the functor C,
it will be sufficient to show that the operator (4.25) is of the form (4.20) for every
f € C(X). By Theorem 1.0, f € C(X) defines a compact linear operator
A L' > X by M) = S f()p(r)dr for all ¢ € L. Let ¢, =@y € L'(Y),
where ¢ € L' andy € Y. Then \, ® ly) o Jy(p - y) = y ® f fdt = [ f ® g, dl.
Since functions of the form Z” y;¢; are dense in L' (Y) and (A, ® 1y) o Jy defines
a continuous linear operator on L'(Y) by the isomorphism Jy, it follows that
N®ly)ok(g) =ff®gdt € X® Yforeveryf € C(X)and g € L!(Y).

By (4.25), it follows that

(426) N ue) = [fO@@ep0dexeYy.

Since (4.26) is the composition of a linear operator with a compact linear
operator, A, * u must be a compact operator from L' to X ® Y. Hence by
Theorem 1.2 there exists a continuous function k € C(X ® Y) such that
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(427) BN @) = N+ 1) = [ kD)t

for every ¢ € L', and k may therefore be isomorphically and canonically
identified with A, = p.
Since A; € C(X), ay(i)(A)) = ii(\y). Therefore by (4.25) and (4.27) above,

8 o oy(@)(A) = 8 ([@)(A) = k(0)

where & o oy(f1) € DC(Y).
Let ¢, be an approximate identity in L. Since & is continuous,

k(0) = lim [ k(p()dt = lim [ () @ (u * @u)dt

4.28
428 = tim [ (f 10t = 9at) ® d, = [ 1) ® d,
where the limits in (4.28) exist by the continuity of k and f.

Therefore 8] © oy()(A)) = f f(s) ® dp, and hence since iy is an isomorphism,
iy(k) = p and the theorem is proved.

Using Theorem 2.3 above on the properties of the mappings A and 7, it is now
possible to obtain a corollary for mappings in the category B,.

Corollary 4.4.1. Let T" be a toroidal group, B, the category of harmonically
invariant Banach spaces of distributions on T", and B the category of Banach spaces.
Let I” and C be the L and C functors acting on B,. Then there exist monomorphic
and continuous embeddings

(4.29) M C Homg[AC,AC], M C Homg[AL®,AL”],

where the functors in (4.29) act on the category B.

Proof. Corollary 4.4.1 follows immediately from part (3) of Theorem 2.3. Let
Y € B and p € M(Y). Then as in previous theorems A*(u) * A = Ap * 7A
= pu*A; hence p*7A = 7(u *+ A) and the theorem follows by the isometry
7: AL*(X) - AL*(X) which holds for every X € B,.

By Theorem 2.5, for every X € By, AC(X) € X € AL*(X). For the catego-
ry B, it is possible to prove a theorem on complex-valued multipliers for these
spaces.

Corollary 4.4.2. Let T" be a toroidal group and X a Banach space X € B,. Then:
(1) If M is the ring of complex-valued measures on T", then

M C[ACX),AC(X), M CIAL*(X),AL*(X)].

(2) If L is the ring of integrable functions on T", then ! C [X, X].
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Proof. Part (1) follows directly from Corollary 4.4.1. To show part (2), observe
that since L' C M, it follows by Corollary 4.4.1 that A* defines a monomorphic
embedding A*: L' - [AL*(X),AL*(X)]. Therefore by Theorem 2.5, A*: I!
- [X,AL*(X)). It remains therefore to prove that for every X € B, h € L,
andA € X,h*A € X.

Since h € L, h is the limit in L' of a sequence of trigonometric polynomials
Py = 3% e,e,. By the harmonic invariance of X c,e, * A = c,A(m)e,, € X.
Therefore for every Py and A € X, Py * A € X. Since the mapping A*: [}
= [X, AL*(X)] is continuous and X is a closed subspace of AL®(X) for every
X € By, it follows that Py * A — h * X in the norm of X, and hence A * A € X.

Part (2) of Corollary 4.4.2 implies in particular that every Banach space
X € B, will also be contained in =M; thus as classes of Banach spaces
By € =My, and hence (again as classes of Banach spaces) By = Mg Corollary
4.4.2 also provides a general setting in the category B, for a theorem proved by
Katznelson in [15] to the effect that the ring M of complex-valued measures was
a class of multipliers on any homogeneous Banach space X (see the remarks
following Corollary 3.1.1). Corollary 4.4.2 seems to me of special interest in that
very many spaces employed in analysis, such as continuity spaces or spaces M,,
L,, K, with A of rapid growth, are harmonically invariant though not homoge-
neous; it therefore seemed to me useful to treat of “universal multipliers” in the
widest setting possible.

Corollary 4.4.1 states that the functor M defines an important subclass of the
tensor multipliers Homg[A L*, AL®] and Homg[AC,AC]. By closely similar
methods to those of Corollary 4.4.2 it is possible to prove a weaker theorem
characterizing a similar class for the tensor multipliers Homg[Z, 7] where I is the
identity functor on the category =M.

Corollary 4.4.3. Let T" be a toroidal group, =M} the category of normal modules
of distributions on T", in By, and B the category of Banach spaces. Let I be the
identity functor on My and L the L' functor on B. Then there exists a continuous
monomorphic embedding

(4.30) L' € Homgll,1]
where the functors in (4.30) act on the category B.

Proof. The proof of Corollary 4.4.2 may be imitated for vector-valued
multipliers » € L}(Y) and tensor convolution; note that since » € L}(Y), h is
again the limit in L!(Y) of a sequence of trigonometric polynomials Py
= X" y.en where y, € Y. It then follows in the same way as above that
h*X € XQ® YforeveryA € X.

Corollaries 4.4.2 and 4.4.3 have direct application to the case of integrals with
a parameter. An example, which appears in the study of parabolic equations, is
the Poisson-Weierstrass integral
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@3 aye = [ ep[ Er D] &y = [ex - Ns)8

over an n-dimensional bounded region €, which may be considered as a subset
of the n-dimensional toroid. The kernel A is contained in L'(L!) = L' ® L' It
therefore follows from Corollary 4.4.3 that forevery X € B, H: X > X ® L. A
discussion of operators of the type (4.31) and their role in parabolic partial
differential equations appears in Pogorzelski [29].

By using the properties of ® as a universal bilinear mapping other results of
interest for applications may be obtained.

Corollary 4.4.4. Let T" be a toroidal group, X a Banach module, X € =My, and
[X, X] the algebra of convolution multipliers on X. Suppose that AL*(X) = X or
AC(X) = X. Then for every H, K € M([X,X]), the convolution A*(H * K)
defines an element of [X, X].

Proof. I shall first show that M([X, X]) forms an algebra under convolution.

Let H, K € M([X,X]). Then by Definition 1.21 above it follows that H % K
€ M([X,X] ® [X,X]) where H %, K is the tensor convolution of H and K.

Since ® is a universal bilinear map, the mapping {,)xx): [X,X] ® [X, ]
— [X, X] defined by <h,k)x,x) = hk, the operator composition of 4 and &, is a
continuous bilinear mapping. Since H % K € M([X, X] ® [X, X)), it follows that
(H % K) = H*K € M([X,X]) and hence that M([X,X]) forms an algebra
under the operation .

By Corollary 443, A(H)r € [AL*(X),AL*(X,X]® X)] for every H
€ M(X,X]). Letf € AL*(X) and H € M([X, X]). Then

AHYS = oo [ Lty @ s_,)[ [He-ne j;dt] d

(2)ff”(”1’ ) ® fpdtdp = [ H(s — 1) @ ft.

Hence AHr € AL*(X) » AL*([X,X] ® X) and Hr = 7H. Since ® is univer-
sal, the bilinear mapping ¢, Dy: [X,X] ® X = X defined by {(h,f)y = hf is
continuous. Therefore

<fH(s— t)@f,dt> = [H(s - 0)fdt = AHrf

defines a continuous module homomorphism A Hr: AL*(X) - AL?(X). Since
X € My, it follows that AHr: X — X and Corollary 4.4.4 is proved.

The interest of Corollary 4.4.4 is in showing that the class [X, X] is closed under
the formation of the measure algebra M([X,X]). A less general result for
H € [}(L') is easy to show. Let H € L'(L'). Then it is easy to see that
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AHzf = t—z—:r—),.ffH(s ~t,x = ))f(y + dydt

- @.‘75.] [fH(s —hx i u)dt]f(u)du

= [ [ [ HOx + 5 = w=v)ao] e

- f [f H(,x —u -~ v)dv]f(u)du.

Thus AH7f = Hrfand AHr: X = X for any X € My,
A third corollary deals with a type of operator very common in the theory of
integral and differential operators.

Corollary 4.4.5. Let T" be a toroidal group and X a Banach function module over
My and L*. Let h € L)(L) and define an operator

(432) Hf () = [ b x = )f () dy
Jor every f € X. Then H: AL*(X) - AL*(X).

Proof. Since h € L'(L®) C M(L®), Theorem 4.4 implies that h €
Home[L®, L°](L®). Since h € I)(L?), |k, — hllpg=y— 0 as s—0 and
hence h € Homg[L®,C](L™). Therefore if H, is the operator defined by

(4.33) Hof (x) = f h(x - y) ® f(y)dy for h € L'(L®)

then Hy: [*(X) » C(X ® L°).
For every f € C(X ® L) define a map e: C(X ® L[°) —» [*(X ® L”) by

(4.39) e(f)(x) = (Iy ® 8)(f)(x) = ;o C(Ix ® ,)(f)

where &, is the operator of translation by x applied to L®, and e, is the operator
of evaluation at x, applied to the space of functions f € C(X ® L*).

An example will illustrate the properties of the mapping e defined by (4.34): let
X be a Banach space of functions. For every f € C(X ® L®), fis a continuous
function from T" to X ® L*®; thus f(p,q)(?) = x(p) ® ¢(q)(¢) where t € T" and
P, q are the variables for x € X and ¢ € L* respectively. Then 8, operates on
L* and e, evaluates f at x; thus for every x

ef)(x) = x(p) ® plg + x)(x).

Finally let m: X ® L® - X be the bilinear operator defined by module
multiplication of X and L. Since m: X ® L* — X is continuous the mapping
L*(m): L*(X ® L*) - L*(X) is continuous.

The action of m on e(f) in (4.34) results in [L®(m) o e(f)](x) = m o e(f)(x)
= x(p)p(p + x)(x) for every x € T".
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Now let Hy: [°(X) = L[°(X) be defined by
Hof = L*(m) o e o Hy(f)

where H, is defined by (4.33). Clearly Hj is continuous as the composition of
continuous operators. Furthermore

AHyrf = (51;)7]853 [L”(m)fS}”h(x -y)® 'rf(y)dy]’ds
= ﬁ [, [ JoF hx - y)ff(y)dy]‘ds
= ﬁf«?ﬁf&{{,h{x + s — yyf(y)dyds
(2 % ffs’-”h(x + 5 — y)8X,1f(y)dyds

- Q_Wjiffs,f‘"h(x +s = yyf(y — s)dyds

= [ 85 h(x - Ynf () dy = Hf.

Since A: L°(X) — AL”(X) is a projection, it follows that Hg defines an operator
Hy: AL*(X) > AL®(X). Hence AHy7m: AL*(X) —> AL®(X). It is clear by
inspection that AHyr = H.

Remark 1. An important class of operators to which Corollary 4.4.5 applies is
the class of weakly singular integral operators. Let X be a Banach function
module over M and L* on a toroidal group T". An integral operator Hy: X — X
is weakly singular if it is of the form

(4.35) Hyf = (c(x’y ))af (»)dy

for every f € X, where a < n and ¢ is a continuous function ¢: T" X T" = C,
¢ € Craypn
To apply Corollary 4.4.5 to operators of type (4.35),let S: T"X T" > T"X T"
be the transformation matrix
I’l In
s-[o 4]

where I, is the identity matrix on T" Clearly S? = b, and thus S is its own
inverse. Define a function ¢, = ¢ o S. Then clearly co(x, x — y) = c(x,y); there-
fore

i = [ 2y a = [BEEDs) 0
and the operator H, is of the form (4.32) so that Corollary 4.4.5 may be applied.
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Remark 2. It is easy to see that Corollary 4.4.5 or variants may be extended to
deal with some Banach modules of distributions over stronger spaces than L”: as
for instance, Banach modules over C or C*.

In [18] from stronger assumptions Lorentz obtains a stronger result: if X is a
Banach function module over L®, with norm invariant under all measure
preserving transformations (not simply translation invariant) then any operator
in L*(L') will act continuously from X to X. Corollary 4.4.5 seems of interest
because it shows that simple translation invariance is sufficient to obtain useful
results.

In the theory of differential and integral equations several authors [6], [22], [28]
have studied the problem of characterizing those pairs of spaces (X,Y) such that
a given operator H maps X to Y. This question is termed the question of
admissibility. The results of Theorem 4.4 and Corollaries 4.4.2 and 4.4.5 imply
that the pair (X, X) is admissible for equations of the type (4.35), for any space
X € B, that is also a module over L.

A second type of continuity functor for which a complete characterization of
the tensor multiplier functor is possible is that of the Lipschitz functors C” for
0 < r < 1 (and indeed, with a suitable definition, for r real). Function classes of
the type C” have been termed classes of “smooth” functions; A. Zygmund has
studied such functions in a long paper [43] and somewhat later gave a
characterization of the multipliers for the classes C” in [44]. However Zygmund’s
original characterization was made for the case of the group T! only. In later
work M. Taibleson [41], in a general study of functions of Lipschitz types,
developed the fundamental machinery for the study of smooth functions on a
general toroidal group T". The characterization of tensor multipliers which I shall
give below in Theorem 4.5 for general toroidal groups T" extends the basic ideas
of the papers [41] and [44] to the context of vector-valued functions.

I shall now present the basic definitions necessary for the formulation and
proof of Theorem 4.5.

Definition 4.2. Let T" be a toroidal group and B the category of Banach
spaces; let M be the measure functor M: B — =M and L* the I® functor
L*: B - M. For every real number r, 0 < r < 2, define functors

WM'(X) = {p: C > X |llp, + p_, = 2ul < klsl'},
(436) WM@) =acp

+p,—2
sy = iy + sup 12t Hee = 20 i Hl i,
s

M'(X) = {p: C> X |llp, — ull <Klsl}
4.37) M'(a) = aop,

—ul
Iy = e + sup 1= pr
s
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WC'(X) = (A: L' > X | I\, + A, = 2Al| < kls['},
(438) WC(@) = aoh

A+ A = 2A| o
Wlbcry = ey + sup Lo t2 =2 gy,

C'(X) = {A: L' > X |, = All < Klsl'},

(439) C'le) = aed,

ey = ey + sup Lo Moy,

Remarks. The following observations may be made. It is easy to see that the
functors M" and C’ are trivial for > 1: it is also an easy consequence of
Theorem 1.1 that a measure p € WM'(X) or p € M"(X) for r > 0 must
correspond to a function in I'(X); and similarly the linear functional A
€ WC'(X)or A € C’(X) must correspond to an element of C(X). The functor
(4.38) is the Lipschitz functor which has also been defined above.

In the technical machinery of their proofs both Zygmund and Taibleson use
properties of Bessel transforms and Poisson integrals in an essential way; since I
shall use analogous arguments it will first be necessary to develop some of the
properties of Bessel transforms and Poisson integrals of vector-valued functions.

If T" is a toroidal group, I shall let 7;**! denote the space T" X R* where
R* = {y € R |y > 0}. Every function on T" clearly has a-periodic extension to
E™; 1 shall say that a function on T,”*! or T" is continuous, differentiable, or
harmonic if its periodic extension to E" is continuous, differentiable, or harmonic
respectively.

A vector-valued harmonic function in 7;*! is a function which satisfies Au = 0
in the region T™*!, where Au = 3. 02u/dx? and xo = y.

The following proposition will be useful.

Proposition 4.2. Let T" be a toroidal group, B the category of Banach spaces, and
M the measure functor on B over T". Let h € L' on T". Then for every X € B,
g € M(X)and ¢ € C, define hy: M(X) - M(X) by
(4.40) hx(p) (@) = p(h = 9);
then h defines a natural mapping h: M — M by the definition (4.40).

Proof. It is clear from (4.39) that hy: M(X) = M*(X). To show that hy(n)
€ M(X)if p € M(X), let {p;}-, be a finite set of continuous functions. Then

S @@l = S e+ @)l < Mellisup|[S ek » o

(4.41)

< Nl hsup||S e
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where the suprema in (4.41) are taken over all sets {g;}’-., such that [g;] < 1 for
every i. It follows from (4.41) and the definition of the norm in M(X) that

ax @Il < N4l lliwll] and hence hy(n) € M(X).
To show that & is natural, let X, Y € B and a € [X, Y]. Then

M(@)hy (1) (@) = olhx()(@)] = alu(h * ¢)] = hy M(a)u(p)

which is merely the statement that the diagram

hx
MX) — MX)
M(e) l l M(e)
hy

MyY) —— M(Y)

commutes.
Definition 4.3. The Poisson kernel for T,**! is defined as

(442) () = S P+ my) = S eminlginins

where P(t,y) = c;'y/(t]* + »)™*V2, m = (my,m,,...,m,) where all m; are
integers, ¢, = II(n + 1)/T((n + 1)/2). Let B be the category of Banach spaces
and M the measure functor on 7". Then for every y > 0 the Poisson kernel
defines a natural transformation P): M — M by

(4'43) y,X‘ #(f) = I“'(y‘f)

foreverypu € M(X), X € B,and f € C.

Since P% € L' for every y > 0 it follows by Proposition 4.2 that P} defines a
natural transformation P}: M — M and in particular is a continuous module
homomorphism from M(X) to M(X) for every X € B. In fact from (4.43) it is
clear that for y > 0, (¢,y) is infinitely differentiable in ¢, and hence it follows
again by Theorem 1.1 that for every X € B,y > 0,and p € M(X),P3 * p may
be identified with an X-valued infinitely differentiable function. I shall denote
this function by A(¢,y) for y > 0.

The following proposition states some salient properties of the kernels (z,y). It
is well known.

Proposition 4.3. Let P*(1,y) be the Poisson kernel defined by (4.42). Then
(1) P*(,y) 2 0,

@) S P*t,y)dt = 1 ¥y >0,

(3) Siygs P(t,y)dt > 0asy -0 Vs > 0.

It will also be necessary to give a definition of the Bessel potentials.
Definition 4.4. Let r be a real number r > 0. Define a kernel J'(r) by
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J'@) =3 (1 + |mP*)"2exp 2milm, £).

Let B be the category of Banach spaces and M the measure functor on 7.
Then for every X € B and p € M(X), the Bessel transform of p € M(X) is
defined by

(4.49) prJi(f)=plJ" *f) foreveryf € C.
The kernel J” for r > 0 satisfies
J'@0) > 0, [r@a =1,
JVXJr = Jntn forn,n >0,
J;e wM'  for0<r<2,
Jre M for0<r<1.

Since J” € L! for every r > 0, it follows by Proposition 4.2 that the mappings
Jy defined in (4.44) define a natural mapping from the functor M to M by
convolution. I shall denote this mapping by J": M — M and write J'p = J" * p.

Using the Bessel potential it is now possible to define the functor MJ.

Definition 4.5. Let T" be a toroidal group and B the category of Banach
spaces. Let MJ: B — M be defined by

MIX)={uC*>X|us*xJ' € WM}
where J! is the Bessel potential (4.44) for r = 1,
MI(@) =aonp,
lellags = liw * T by

It is now possible to state and prove a theorem characterizing the tensor
multiplier functor Homg[C", C"].

Theorem 4.5. Let T" be a toroidal group and B the category of Banach spaces.
Let C": B = M be the Lipschitz functor for 0 < r < 1. Then

MJ = Homg[C",C"].

Proof. I shall first prove a series of lemmas giving the main properties of the
functors C", WC’, M’, WM'. From these lemmas the theorem will follow easily.

Lemma 4.5.1. Suppose that X(t,y) and u(t,y) are harmonic Banach space-valued
Junctions in T™' and for every yo > 0, A, (1) = N(t,y) and p, (1) = p(t,y) are
uniformly bounded for y > yo. Let \,: T" = X and p,: T" — Y. Then:

MDA, * = N4y, * y,y, Jor all yy, ya, 3 such that yy + y3 > 0,5, — y3 > 0,
N> Y2 > 0.
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@ v =N, * 1,(71532 > O + y2 = y) is well defined for all y > 0.

B vy =X, *n, =\, *w, fory =y +y, where ¥, N, |’ denote the deriva-
tives with respect to y.

(4) ,(¢) = ¥(1,y) is harmonic in T**' and y,: T" > X ® Y for every y > 0.

= in (1), (2), (3) denotes tensor convolution.

Proof. Let Z be a Banach space and let y(t,y) = v,(¢) be a harmonic function
¥y: T" = Z uniformly bounded for all y > y, > 0 and all y,. Observe that

@ %o, =%*B,
( 4, 45) ),’l +» ):1 2 ,
(b) y)'l +y2 = Y.Vl * gz = YJ'| +P y2°

To see (a), for instance, recall that since (4.45) holds for the scalar-valued case
[41, 2.12]), <z%v,4,,> = 2%y, * B, = {z* v, *+ B for all z* € Z*, and
therefore (a) holds. The same type of argument is valid for (b).

Now obtain (1), let y; > 0 and observe that

A)'l * p'}'z = Ayl * (P?z‘)‘s * 1;3) = (A)'l * I;J) * "')’z‘)’: = A’l"”" * "3'1')':
by (4.45)(b). A similar argument will show (3). (2) follows immediately from (1);
(4) follows immediately from (2).

Lemma 4.5.2. Let T" be a toroidal group and B the category of Banach spaces.
Define for all r > 0 and every integer k > r and every X € B,

“)\”c/r(x) = sup “)’k-mka)"m(m

y>0

where N¥) denotes the kth derivative of A, with respect to y,
ey = Sgg")""'ﬂ,g‘)“mx) where p € M(X).

Y

Then
(1) Let 0 < r < 2 and let  denote the smallest integer greater than r. Then for
every k 2> r there exists a constant A}, > 0 such that

() Mgy i < INlgzory < Ak lNlcreeys
(b) N/ < ey < Aillielyee,

(2) Let 0 < r < 2. Then there exists a constant B, > 0 such that
@ N lesee/B, < ey < BrlNleseer
(b) Nullgzey/Br < lNillwarrxy < B lltllagaexy-

(3) Let 0 < r < 1. Then there exists a constant C, > 0 such that
() Mgy x)/Cr < Illerxy < ClMlgyxy»

(b) ””'"M,'(X)/Cr < "l»’«"M’(X) < Cr"""”M)(X)'
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In all cases the norm equivalences are independent of the Banach space X € B.
Therefore C¥ and M define functors identical to within equivalence of norms to C’,
M’, WC', WM' depending on the value of r > 0.

Proof. The general mode of proof in each case will be the same. By Taibleson
[41, Theorem 4, p. 421], all of the equivalences of Lemma 4.5.2 are true for the
scalar-valued case X = C.

Let X € B and let P, be the Poisson kernel (4.42). Suppose that A € L*(X)
= [L', X]is an element of C¥(X ), and let A* be the dual of . A*: X* — L®. For
every x* € X*and o € L,

A3 x*), 9> = MA@ = W MEB + @)
= A*(x*),B* ) = A*(x*) * B,p) = (A*(x*),,9).
Hence
IS ()lkx.cry = sup sup|IA*(x*), loy* ™" = sup sup[[A*(x*), [Loy*~"
x* y>0 y>0 x*
= sup sup sup YT A*(x*),, @) = sup sup sup A3 (x*), @)
= sup A%l eop* " = sup N o ™™ = Nllepery-

To show 1(a) it is therefore sufficient to observe that by the equivalence of the
norms of C¥ and C/, C¥(X) and C/(X) must be equivalent for all X. Since the
constants for the equivalence of C* and C/ clearly do not depend on X € B, the
constant A}, is independent of X.

Suppose again that A € L*(X) = [L',X] is an element of WC"(X). Let A,
denote the translation of A by s defined in the natural way; then again for every
x* € X*andg € L,

<A:(x‘)a <P> = <x‘a>‘s(‘p)> = {(x*, A(‘p—.v)>
= QA*(x*), p_,> = A*(x*),, @)
Hence a closely similar argument to that above yields [|A*[ixe wcr) = [Albycrix)
and the equivalence of WC" and C} for scalar-valued functions implies 2(a).
All of the other equivalences of Lemma 4.5.2 proceed in the same way.

Note that since A, € L'(X)Vy > 0, the M* norm and the M norm coincide on
A)"

Lemma 4.53. For every positive ¢ > 0, let J? be the Bessel potential of order q;
let r>0 and k be an integer k > r + q. Then the operator J? defines an
isomorphism of functors

(4.46) CrECKHI,  MInEMY,
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for everyr,q > 0.

Proof. This lemma is proved by the same method as Lemma 4.5.2 using the
isometries between [X*,C*] and C¥(X) and [X* M¥*] and M*(X). It is only
necessary to observe that for every ¢ € L,

N (x*), @) = x*JTN@)) = XA 9))
= QA*x*),J @) = JIA*(x*)), )

A similar relationship holds for the functor M.

It is now possible to prove the theorem. Let X, Y € B and let J}y and J} be
the isomorphisms defined by (4.46) and Lemma 4.5.3 for ¢ = 1 and the Banach
spaces X ® Y and Y. Define an operator iy by

(447) ir()(f) = Jcay[H b * f]
for every h € MJ(Y) and f € C"(X), where » is the tensor convolution.

Lemma 4.54. Let iy be the map defined by (4.47) for X, Y € B. Then
iy: MJ(Y) - Homg[C’,C")(Y) with norm independent of the Banach spaces X,
Y € B

Proof. I shall show that the mapping 7, defined by 7(h)(f) = J} h * f maps
MJ(Y) ® C’(X) into C3,,(X ® Y) with a norm independent of X, Y € B. By
Lemma 4.5.3, J-! defines a functor isomorphism J~!: C} — C! and by Lemma
4.5.2, C{(X ® Y) is identical to C"(X ® Y) up to equivalence of norms indepen-
dently of X, Y € B; hence the existence of a homomorphism iy will have been
proved.

Let f € C'(X); therefore f € C}(X) and hence

(4.48) Ifllcyoey = supllfy)t = lemcry-
>0

Similarly since h € MJ(Y), it follows that

(4.49) I3 Allgacr) = supll DDy her)-

Since, for every y > 0, (J 1)®) € M(Y), and f, € L*(X), it follows by Theo-
rem 4.4 that the tensor convolution of (J§ /) and f) is well defined. By the
equalities (4.48) and (4.49) it follows that

(4.50) YURP o f, € L*(X @ Y).
Let g5, = (J'h), + f. By Theorem 4.4, it follows that

"32(3))'2-'"0"(,\'0}') = |y B hP +f, l=xer)

< Iy h),(rz)"M(y) Nyl

(4.51)
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and therefore by the Definitions (4.48) and (4.49)

(4'52) "g“ce"(x@y) < 22—"”}”'"”,3()') "f”c)(xr

Thus %(h)(f) = gand iv: M2(Y) ® CH(Y) - C3,,(X ® Y) with the norm of 7
clearly independent of X, Y € B.
It is clear from the representation (4.47) of the map i that i is a monomorphism.
To show that the mapping iy maps onto Homg[C’,C'](Y), let H
€ Homg[C’,C"](Y). Then Hc: C" — C’(Y). For every ¢ € C’, by Proposition
4.0 there exists a Y-valued distribution H such that Heep = H, * ¢. Since
Hcp € C'(Y), it follows by Lemma 4.5.2 that

(4.53) JHeo = J) Hy » @ € WC™(Y)

where by Lemma 4.5.3 the norm of J} is independent of Y € B.
Lety € C. By Lemma 4.5.3,J"y € C". Hence

(4.54) (U"Y) + J'Hy € WC™(Y).

By Lemma 4.5.3, it follows that

(4.55) J7(UTY) s J'Hy = ¢ » J'Hy € WCN(Y).

Therefore by Lemma 4.5.2, [y * (J' Hy)Pyll =(yy < o0. Thus
H € Homg[C’,C")(Y)

defines an element of Homg[L?, L*](Y) by the mapping

(4.56) H = (J'Hc)Py.

It is clear from (4.53), (4.54) and (4.55) above that the mapping (4.56) has norm
independent of the Banach space Y. By Theorem 4.4, (J'!H®),y € M(Y) and
therefore Hy € MJ(Y).

To show that the diagram

MI(Y) —I—Y—) Homg[C", C"1(Y)

Mi(e) l l Homg[C", C"](a)

MI2Z) z, Homg|C", €'](2)

is commutative, let X, ¥, Z € B, h € MJ(Y), and f € C"(X). Then J} h
€ WM'(Y) and
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iz © MI@(f) = izla o (f) = (@o k) » f
= LzbxUah)y s f) = Jzix C'@ @ 1) [ (M) o f
= Hom,[C", C"J(@ir(R)(f);

the theorem is proved.
As in the case of Theorem 4.4 various corollaries of interest to applications
follow from Theorem 4.5 by the use of the properties of the mappings A and .

Corollary 4.5.1. Let T" be a toroidal group, =M the category of normal Banach
modules in By, on T", and B the category of Banach spaces. Let C" be the Lipschitz
Sunctor for 0 < r < 1 acting on My. Then there exists a monomorphic embedding

4.57) MJ C Homg[AC",AC’]

where the functors in (4.57) act on the category B.

Proof. This corollary follows immediately from the properties of A and r given
by Theorem 2.3.

Corollary 4.5.1 may be applied to obtain a much more particular result for
another class of operators prominent in applications.

Let X be a Banach module of functions on a toroidal group T". A convolution
operator H is termed a singular integral operator if it is of the form

— Qs — 9+
4.58 = .
(4.58) ) = [ 7, = O
where =, is the surface of the sphere |x| = 1in E", f5, Q0)d8 = 0, and fdenotes
the periodic extension of f to E”".

Corollary 4.5.2. Let T" be a toroidal group and X € B,. Let C" be the Lipschitz
Sunctor for 0 < r < 1. Then MJ C [AC"(X),AC’(X)].

Proof. It is very well known from the results of Giraud (see [23]) that if His a
singular integral operator then H: C" — C’, where C’ is the Lipschitz space
C’(C) of continuous functions. By Theorem 4.5 for X =Y = C, H € MJ.
Therefore it follows at once by Corollary 4.5.1 that H: AC"(X) - AC’(X) for
any Banach space X € B, and singular integral operator H.

The next result leads to some important commutator results (see [4]).

Corollary 4.5.3. Let T" be a toroidal group and X a Banach module over M, and
over L*. Let 0 < r < 1 and suppose that c is a function of class WC'*". Define an
operator H(c,f) by

(4.59) H(e,f)(s) = f os) - C(')f(t) at

| _ |n+l
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where f is the periodic extension of f € X to E". Then

H: WC* ® AC'(X) = AC"(X).

Proof. This corollary follows easily from Corollary 4.5.1 and Corollary 4.4.5
after the observation that by Taylor’s theorem

)=o) = £ 6= 00550 + Rols, s = 1]

where Ry(s, ?) is continuous on 7" X T" and d¢/dx; € C’ for every i.

Remarks. One particular case of Corollary 4.4.1, the case in which X = !, was
proved by Taibleson in his paper [42]. Singular integral operators of various types
with vector-valued kernels, and acting on L? spaces of vector-valued functions,
have been considered by J. Schwartz [34), and Benedek, Calder6n, and Panzone
in [1].

Continuity of operators of the form (4.54) given in Corollary 4.5.3 implies.
commutator results of a type very well known in the theory of algebras of
singular integral operators or pseudo-differential operators. For the particular
spaces I” and L? these algebras have been extensively studied (cf. [4] or [16]).

Of possible generalizations and extensions of these results, it is clear from the
arguments of Theorem 4.5 that they may be generalized to the context of spaces
formed from X € B on analogy with the spaces Lp, A which have been the
subject of recent articles [27], [28] by Peetre.

Singular integral operators of the types (4.53) or (4.54) have been very
extensively studied for their applications to partial differential equations. By
composition with other convolution operators similar to the Bessel potentials, it
has been possible to construct inverses to partial differential operators; using
results on continuity of singular integral operators from spaces I? to L? or C” to
C" many authors ([23], [27], [37] and others) have obtained estimates and
existence theorems for the solutions of elliptic partial differential operators both
for Sobolev spaces W™I? and various fractional Sobolev spaces of the types
discussed by Taibleson [41]. As commented above, the spaces AC’(X) for
0<r<1 form a fractionalization similar to that of Taibleson’s spaces
A(a, p, 0) for general Banach modules X in place of the I? spaces; Corollaries
4.5.1 and 4.5.3 suggest the possibility of extending these theorems on estimates
and solvability to a large class of Banach function spaces.
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